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Chapter 1

Introduction

The most significant discernable feature of a three-dimensional object is the shape
of its surface. For the digital processing, manipulation and storage of surface data,
a variety of representations are used, most notably polygon meshes where the ob-
ject surface is approximated by a network of a finite number of polygons. Polygon
meshes, especially triangle meshes, are ubiquitous in geometry processing and
rendering and are a common interchange format between different applications
and algorithms.

In the context of 3D modeling and computer aided design (CAD), polygon
meshes are less popular due to their inability to accurately represent smoothly
curved surfaces. Instead, spline representations that construct shapes from piece-
wise polynomial surfaces are used. Spline representations are desirable for a num-
ber of reasons:

• Abstraction capacity: Where polygon meshes might require hundreds or
thousands of faces to approximate a rounded feature, spline surfaces can
accurately represent such features often by a single patch with a handful
of control points, hence offering more intuitive editing capabilities to a de-
signer.

• Built-in smoothness: Spline surfaces retain their desired smoothness prop-
erties when their control points are modified.

• Compact storage: Due to the sparse number of control points, spline sur-
faces typcially achieve a lower memory footprint than polygonal represen-
tations.

Spline representations have been used for a variety of applications including in-
dustrial, automotive and aerospace design, architecture, entertainment, etc.

1



2 Chapter 1. Introduction

Since manual design is often tedious, the automatic conversion of real-world
objects into spline surfaces has attracted significant research attention. The long-
term research goal is the creation of an automated reconstruction pipeline, allow-
ing to scan an existing input object, extract its surface data, and automatically
generate a suitable spline surface representation ready for editing, manufacturing
or rendering.

Spline surfaces representing complex objects are typically assembled from in-
dividual, often rectangular surface patches that smoothly join together. The con-
figuration of these four-sided patches on the surface, called the quad layout, can
have a significant impact on the resulting shape and editing flexibility of the sur-
face. Existing automatic spline reconstruction techniques have mostly ignored the
importance of creating meaningful quad layouts and have resorted to ad-hoc meth-
ods that lead to patch configurations which are mostly unrelated to the shape of
the input object. However, in recent years, powerful algorithms for the automatic
generation of high-quality geometry-aware quad layouts have emerged.

In this work, we examine how traditional spline reconstruction techniques can
benefit from the recent advancements in quad layout generation. Additionally, we
propose a novel spline surface model suitable for the approximation using quad
layouts with non-uniform patch sizes.

We begin our report with a brief review of the fundamental definitions of poly-
nomial curves and surfaces and their smoothness conditions (Chapter 2), followed
by a general overview and discussion of the spline fitting framework (Chapter 4).
Then, we present our suggested novel spline model, termed G1 Bézier splines.
We analyze the degrees of freedom of the model and derive explicit construction
rules (Chapter 5). Next, we turn to the topic of surface smoothing, where we
discuss the discretization and weighting of the commonly used thin plate energy
(Chapter 6). Finally, we evaluate the approximation quality of different layout
generation methods, spline models, and approximation strategies (Chapter 7).



Chapter 2

Fundamentals

This section gives a brief summary of the definitions of Bézier curves and sur-
faces and establishes some properties and notational conventions that we will use
throughout the rest of this thesis. For a more in-depth introduction to the topic of
curve and surface representation, we refer to the literature, e. g. [PBP02; Far02;
HL96].

2.1 Affine Space

In all subsequent geometric constructions, we do not really care about the par-
ticular representation of points and vectors. Even if these objects are typically
represented by elements from Rd, we like to remain oblivious of the origin or the
dimensionality of the underlying coordinate system. Therefore, in the following,
we just assume that all points are from some affine space A over some vector
space V.

For any number of points p1, . . . ,pn ∈ A, taking an affine combination with
weights α1, . . . , αn ∈ R produces again a point in A:

n∑
i=1

αi = 1 ⇒
n∑
i=1

αi · pi = q ∈ A .

The difference of two points p,q ∈ A produces a vector p − q = v ∈ V, and,
conversely, adding a vector to a point yields another point, i. e. p + v = q ∈ A.

In some cases, e. g. where we need to compute distances between points, we
remember that A and V are represented by some Rd and use the respective oper-
ations from the real coordinate space.

3



4 Chapter 2. Fundamentals

2.2 Bézier Representation
The foundation for the definition of Bézier curves and surfaces is the representa-
tion of polynomials in Bernstein form. The i-th Bernstein polynomial of degree n
is a univariate, real-valued polynomial Bn

i : R→ R given by

Bn
i (t) =

(
n

i

)
ti(1− t)n−i .

For a given degree n, the n+ 1 Bernstein polynomials {Bn
0 , . . . , B

n
n} form a basis

of the space Pn of all polynomials of degree n, called the Bernstein basis. Some
well-known properties of the Bernstein basis are:

(B1) The basis functions are non-negative, i. e., Bn
i (t) ≥ 0.

(B2) The basis functions form a partition of unity:
∑n

i=0 B
n
i (t) = 1.

(B3) At t = 0 and t = 1, only the first and last basis functions attain a value of 1
while all other basis functions are zero, i. e. Bn

0 (0) = 1 and Bn
n(1) = 1.

(B4) Bn
i (t) = 0 for i > n or i < 0, due to the definition of the binomial coeffi-

cient.

Furthermore, Bernstein polynomials have simple closed-form solutions for
their derivatives, which reduce to differences of lower-order Bernstein polyno-
mials, i. e.

d

dt
Bn
i (t) = n

(
Bn−1
i−1 (t)−Bn−1

i (t)
)

(2.1)

and their integrals over [0, 1], which are just constants

1∫
0

Bn
i (t) dt =

1

n+ 1
.

2.2.1 Bézier Curves
A Bézier curve of degree n is a univariate polynomial b : [0, 1] → A defined in
terms of the Bernstein basis, i. e.

b(t) =
n∑
i=0

Bn
i (t)bi . (2.2)

The n + 1 coefficients b0, . . . ,bn ∈ A uniquely define the curve b(t) and are
called Bézier points.
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Due to (B1) and (B2), for any t ∈ [0, 1], b(t) is a convex combination of the
Bézier points b0, . . . ,bn. Furthermore, due to (B3), the start and end points of the
curve interpolate the first and last Bézier points, i. e. b(0) = b0 and b(1) = bn.

The derivative of an n-th degree Bézier curve w. r. t. its parameter t results
again in a Bézier curve with degree reduced by one:

d

dt
b(t) =

n∑
i=0

bi
d

dt
Bn
i (t)

(2.1)
= n

n∑
i=0

biB
n−1
i−1 (t)− n

n∑
i=0

biB
n−1
i (t)

(B4)
= n

n−1∑
i=0

bi+1B
n−1
i (t)− n

n−1∑
i=0

biB
n−1
i (t)

= n

n−1∑
i=0

∆biB
n−1
i (t) .

Here the ∆bi indicate forward differences of the Bézier points, i. e.

∆bi = bi+1 − bi .

Conversely, integrating a Bézier curve raises its degree by one and is computed as∫
b(t) dt =

1

n+ 1

n+1∑
i=0

ΣbiB
n+1
i (t) + c

where the Σbi denote partial sums of the Bézier points, i. e.

Σbi =
i−1∑
k=0

bk

and c is some integration constant. For the definite definite integral over the do-
main [0, 1], the expression further simplifies to

1∫
0

b(t) dt =
1

n+ 1

n∑
i=0

bi .

2.2.2 Scaled Bernstein Basis
While the Bernstein form of a Bézier curve is the generally accepted standard
representation, sometimes a transformation to another basis can help to simplify
some computations.
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One example for such an alternative basis is the scaled Bernstein basis [FR88],
which is obtained by a simple component-wise scaling of the standard Bernstein
basis. A Bézier curve of degree n, given in standard Bernstein form (as in (2.2)),
is written in scaled Bernstein form as

b(t) =
n∑
i=0

B̃n
i (t)b̃i

where

B̃n
i (t) = ti(1− t)n−i and b̃i =

(
n

i

)
bi .

Note how the the binomial coefficients no longer appear in the basis functions
B̃n

0 , . . . , B̃
n
n (also called scaled Bernstein polynomials), but are moved into the

coefficients b̃0, . . . , b̃n. Following Peters [Pet94], we employ the shorthand nota-
tion using square brackets for polynomials in scaled Bernstein form, i. e.

[
b̃0, . . . , b̃n

]
=

n∑
i=0

B̃n
i (t)b̃i = b(t) .

The benefit of this scaled Bernstein representation is that the multiplication
of two polynomials simplifies to a discrete convolution [SR03]: Given two real-
valued polynomials a ∈ Pn, b ∈ Pm by their coefficients in scaled Bernstein
form

a = [a0, . . . , an] and b = [b0, . . . , bm] ,

their product c = ab is a polynomial of degree n+m and is computed by summing
up shifted copies of one polygon scaled by the coefficients of the other one, i. e.

c = a ∗ b =
n∑
i=0

ai · pad(b, i, n− i)

= b ∗ a =
m∑
j=0

bj · pad(a, j,m− j)

where pad(x, p, q) constructs a new polynomial by padding the coefficient list of
a given polynomial x with p zeroes from the left and q from the right, i. e.

pad([x0, . . . , xk] , p, q) = [0, . . . , 0︸ ︷︷ ︸
p

, x0, . . . , xk, 0, . . . , 0︸ ︷︷ ︸
q

] .
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As a more concrete example, for n = 3 and m = 2, this becomes

c = [ c0, c1, c2, c3, c4, c5 ]

= a0 [ b0, b1, b2, 0, 0, 0 ] +
a1 [ 0, b0, b1, b2, 0, 0 ] +
a2 [ 0, 0, b0, b1, b2, 0 ] +
a3 [ 0, 0, 0, b0, b1, b2 ]

= b0 [ a0, a1, a2, a3, 0, 0 ] +
b1 [ 0, a0, a1, a2, a3, 0 ] +
b2 [ 0, 0, a0, a1, a2, a3 ] .

This way of multiplying polynomials is useful both for analytical derivations and
for the implementation in software. The multiplication of polynomials in scaled
Bernstein form works analogously when one of the two polynomial factors is
vector-valued instead of scalar.

We can use this representation to derive a very simple degree elevation scheme
for Bézier curves. This is facilitated by the fact that the factor 1 can also be written
as a scaled Bernstein polynomial in two coefficients:

1 = t+ (1− t) = 1 · t1(1− t)0 + 1 · t0(1− t)1 = [1 1] .

Since [1 1] is, in fact, the multiplicative identity, a Bézier curve b remains un-
changed by a multiplication [1 1]b = 1 · b = b. However, if we compute the
product [1 1]b using the convolution [1 1] ∗ [b0, . . . ,bn], we get

[1 1]b = [ b0, b1, b2, . . . , bn−1 bn, 0 ] +
[ 0, b0, b1, . . . , bn−2 bn−1, bn ]

which represents the polynomial b using n + 2 coefficients, i. e., w. r. t. a basis
of degree n + 1. This leaves us with a very simple way to raise the degree of
polynomials in scaled Bernstein form: We obtain the new list of coefficients by
just summing up pairs of adjacent original coefficients:

[1 1]b = [b0,b0 + b1,b1 + b2, . . . ,bn−2 + bn−1,bn−1 + bn,bn] .

2.2.3 Tensor Product Bézier Surfaces

By multiplying the elements of two Bernstein bases in a tensor product fashion,
one obtains a bivariate Bézier representation describing surfaces instead of curves.
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We define a tensor product Bézier surface of degree (n,m) as a bivariate polyno-
mial function b : [0, 1]× [0, 1]→ A, given by

b(u, v) =
n∑
i=0

m∑
j=0

Bn
i (u)Bm

j (v)bij

=
(
Bn

0 (u) · · · Bn
n(u)

)b00 · · · b0m
... . . . ...

bn0 · · · bnm


B

m
0 (v)
...

Bm
m(v)

 .

Since the products of Bernstein polynomials form again a basis, b is uniquely
defined by its (n+1)(m+1) coefficients bij (for i = 0, . . . , n, and j = 0, . . . ,m)
which are also referred to as the Bézier points or the Bézier grid of b.

Note that by fixing one of the two parameters, e. g. v = v∗, one obtains a single
iso-parametric curve on the surface:

b∗(u) = b(u, v∗) =
n∑
i=0

m∑
j=0

Bn
i (u)Bm

j (v∗)bij

=
n∑
i=0

Bn
i (u)

m∑
j=0

Bm
j (v∗)bij

=
n∑
i=0

Bn
i (u)b∗i

Due to the end-point interpolation property of Bézier curves, the coefficients of
the boundary curves obtained by fixing u or v to either 0 or 1 can be read off
directly from the Bézier grid, i. e.

b(u, 0) =
n∑
i=0

Bn
i (u)bi0 , b(u, 1) =

n∑
i=0

Bn
i (u)bim , (2.3)

b(0, v) =
m∑
j=0

Bm
j (u)b0j , b(1, v) =

m∑
j=0

Bm
j (u)bnj . (2.4)

Analogously to curves, taking partial derivatives of a Bézier surface produces
once again a Bézier surface:

∂

∂u
b(u, v) = n

n−1∑
i=0

m∑
j=0

Bn−1
i (u)Bm

j (v)∆10bij , (2.5)

∂

∂v
b(u, v) = m

n∑
i=0

m−1∑
j=0

Bn
i (u)Bm−1

j (v)∆01bij , (2.6)
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where ∆10bij and ∆01bij denote forward differences in the rows and columns of
the Bézier grid, respectively, i. e.

∆10bi,j = bi+1,j − bi,j , (2.7)
∆01bi,j = bi,j+1 − bi,j . (2.8)

Note how taking derivatives decreases the degree in the respective dimension by
one. Repeated applications of Eqs. (2.5) and (2.6) lead to the general formula for
higher-order mixed derivatives,

∂p+q

∂up∂vq
b(u, v) =

n!

(n− p)!
m!

(m− q)!

n−p∑
i=0

m−q∑
j=0

Bn−p
i (u)Bm−q

j (v)∆pqbij , (2.9)

where the iterated forward differences ∆pqbij are defined recursively in terms of
repeated applications of Eqs. (2.7) and (2.8):

∆p+1,qbi,j = ∆10∆p,qbi,j ,

∆p,q+1bi,j = ∆01∆p,qbi,j .

For brevity, we also sometimes write the partial derivatives of Bézier surfaces
using subscripts, e. g.

bu =
∂

∂u
b , bv =

∂

∂v
b , buv =

∂2

∂u∂v
b , etc.

2.3 Continuous Surfaces
Since they are polynomials, Bézier surfaces are smooth in their interior. However,
when joining multiple surfaces to a piecewise Bézier shape (which is necessary in
many modeling scenarios, cf. Section 2.3.3), discontinuities can arise where the
individual pieces meet. Such discontinuities can be apparent as gaps, creases, or
sudden changes in curvature along the boundaries. Where such features are not
desired, special care must be taken during the construction of the surface elements.
In this section, we show the derivation of some well-known sufficient conditions
to achieve a certain degree of smoothness across the subdomain boundaries of
piecewise Bézier surfaces.

For now, we will focus on a single boundary between two adjacent surface
parts. In the following, we suppose the two surfaces are given by two tensor prod-
uct Bézier surfaces p(u, v) and q(u, v), both of degree (n,m). We will examine
continuity across their common boundary p(1, v) and q(0, v). Since we are ul-
timately interested in the Bézier points near the boundary, we use the symmetric
re-labeling p̃i,j = pn−i,j for the Bézier grid of p. This setup is illustrated in
Fig. 2.1.
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Figure 2.1: Two Bézier surfaces p and q are joined smoothly along a common boundary.
Left: Parametrization. Right: Labeling of the control points.

2.3.1 Cr Continuity
We say that the surfaces p and q join with parametric continuity of order r (or Cr

continuity) if and only if along the common boundaries p(1, v) and q(0, v), all
partial derivatives up to order r are equal:

∂s+t

∂us∂vt
p(1, v) =

∂s+t

∂us∂vt
q(0, v) (2.10)

for all s, t ∈ N0 such that s+ t ≤ r and v ∈ [0, 1].
For C0 continuity (i. e., r = 0), Eq. (2.10) implies that the two boundary

curves must be equal, i. e., p(1, v) = q(0, v), which, according to Eq. (2.4), ex-
pands to

m∑
j=0

Bm
j (v)p̃0j =

m∑
j=0

Bm
j (v)q0j . (2.11)

Due to the linear independence of the Bernstein polynomials, the two sums in
Eq. (2.11) are equal if and only if all coefficients are equal, i. e. p̃0j = q0j for all
i = 0, . . . ,m. This simple construction rule for the Bézier grids ensures that p
and q join without gaps to a connected composite surface. Still, visible creases
can occur where p and q meet.

Note that by fixing the boundary curves p(1, v) and q(0, v) to be equal, all
partial derivatives in the parameter direction of this curve are also equal, i. e.

p(1, v) = q(0, v) ⇒ ∂k

∂vk
p(1, v) =

∂k

∂vk
q(0, v) ∀k ∈ N0 . (2.12)

The creases along the boundary can be remedied by moving on to C1 con-
tinuity (i. e., r = 1). In addition to the C0 conditions, Eq. (2.10) now implies
additional conditions for the first-order partial derivatives:

∂

∂u
p(1, v) =

∂

∂u
q(0, v) and

∂

∂v
p(1, v) =

∂

∂v
q(0, v) . (2.13)
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Note that by enforcing C0 continuity, the curves p(1, v) and q(0, v) are equal and
thus, due to Eq. (2.12), the second part of condition (2.13) already holds. For the
remaining first condition, we take the derivatives of p, q w. r. t. u, yielding the
derivative surfaces pu, qu, as defined by Eq. (2.5). Evaluating these derivative
surfaces along the common boundary according to (2.3), we obtain

pu(1, v) = qu(0, v)
m∑
j=0

Bm
j (v)∆10pn−1,j =

m∑
j=0

Bm
j (v)∆10q0,j ,

which, again, due to the independence of the Bernstein basis functions, results in
individual constraints on the coefficients for j = 0, . . . ,m:

∆10pn−1,j = ∆10q0,j

pn,j − pn−1,j = q1,j − q0,j

p̃0,j − p̃1,j = q1,j − q0,j . (2.14)

As noted above, the C0 condition forces opposite boundary Bézier points to be
equal. Let us refer to them by cj = p̃0,j = q0,j . Thus, Eq. (2.14) becomes

cj =
1

2
p̃1,j +

1

2
q1,j , (2.15)

which implies a straightforward geometric interpretation for C1 continuity: For
each row j = 0, . . . ,m of the Bézier grids, the three points p̃1,j , cj , and q1,j must
be collinear and cj must split the line segment p̃1,jq1,j in a 1 : 1 ratio. Hence, we
also refer to Eq. (2.15) as the midpoint condition.

The conditions derived above for C0 and C1 continuity are both necessary and
sufficient.

2.3.2 Gr Continuity
While Cr continuity ensures that a piecewise surface is sufficiently smooth, it is
often not practical for geometric modeling since it depends on a particular parame-
trization of the individual surface pieces. Since a surface with a given shape can
be represented w. r. t. different parametrizations, it is possible that some of these
representations are Cr while others are not. This calls for a more general notion
of continuity which is independent of a particular parametrization. This notion is
expressed by allowing reparametrizations of the adjacent surfaces to achieve a Cr

joint and is known as Gr or geometric continuity (for an in-depth examination,
see [Pet02]).
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First, let us clarify what constitutes a valid reparametrization. Regarding two
patches p and q which are to be joined with Gr continuity along their common
boundaries p(1, v) and q(0, v), two functions a,b : R2 → R2 are valid reparame-
trizations of p and q if the following conditions hold:

• They map boundary points to boundary points, i. e. for any v ∈ [0, 1],

a(1, v) = (1, v′) and b(0, v) = (0, v′′)

such that v′, v′′ ∈ [0, 1].

• They never map interior points of one domain to the other side of the bound-
ary, i. e. for all (u, v) ∈ [0, 1]2,

a(u, v) = (u′, v′) and b(u, v) = (u′′, v′′)

such that v′ ≤ 1 and v′′ ≥ 0. This condition rules out cusps, i. e. the case of
p and q folding back on each other along the boundary.

• They are injective and r times differentiable.

Now, the two surfaces p and q join with Gr continuity across their common
boundaries p(1, v) and q(0, v) if and only if there exist valid reparametrizations
a, b such that the reparametrized surfaces p ◦a and q ◦b join with Cr continuity:

∂s+t

∂us∂vt
(p ◦ a)(1, v) =

∂s+t

∂us∂vt
(q ◦ b)(0, v) (2.16)

for all s, t ∈ N0 such that s+ t ≤ r and v ∈ [0, 1].
Expanding Eq. (2.16) for r = 1 yields the three G1 conditions

(p ◦ a)(1, v) = (q ◦ b)(0, v) , (2.17)
∂

∂u
(p ◦ a)(1, v) =

∂

∂u
(q ◦ b)(0, v) , (2.18)

∂

∂v
(p ◦ a)(1, v) =

∂

∂v
(q ◦ b)(0, v) . (2.19)

Just like in the previous section, we immediately see that condition (2.19) always
holds: (p ◦ a)(1, v) and (q ◦ b)(0, v) are curves parametrized by v. According
to condition (2.17), these two curves are equal. Hence, all derviatives w. r. t. the
curve parameter v are also equal and condition (2.19) holds.

Note how the two boundary curves p(1, v) and q(0, v) need not be identi-
cal. For G0 continuity (or higher), it suffices if p(1, v) and q(0, v) trace out the
same curve but have different parametrizations. Although G0 continuity hence
offers increased freedom in designing the boundary curves, this is almost never
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used in practice: It is much simpler to construct identical boundary curves by just
choosing common Bézier points, thus restricting to C0 instead of G0 continuity.
Additionally, this choice greatly simplifies the further derivation of G1 constraints
for the Bézier grids. This combination ofC0 andG1 continuity is ubiquitous in the
literature (although seldom spelled out explicitly) and we will follow suit in the
following derivations. In our case, this means restricting the reparametrizations a
and b to the identity map on the boundary curve, i. e.

a(1, v) = (1, v) , b(0, v) = (0, v) for v ∈ [0, 1] ,

thereby implying equality of p(1, v) = q(0, v) due to (2.17).
Thus, just condition (2.18), i. e. the equality of the cross-boundary derivatives,

remains to establish G1 continuity. We obtain the derivative w. r. t. u by applying
the chain rule for bivariate functions:

∂

∂u
(p ◦ a)(1, v) =

(
(pu ◦ a)(1, v) (pv ◦ a)(1, v)

)
au(1, v)

=
(
pu(1, v) pv(1, v)

)
au(1, v)

= pu(1, v) · au(1, v)[1] + pv(1, v) · au(1, v)[2]

where the bracketed superscripts indicate vector indices (i. e., scalar values). By
applying analogous transformations to the right-hand side accordingly, condi-
tion (2.18) expands to

pu(1, v) · au(1, v)[1] + pv(1, v) · au(1, v)[2]

= qu(0, v) · bu(0, v)[1] + qv(0, v) · bu(1, v)[2] .
(2.20)

Remembering that pv(1, v) = qv(0, v), we can rearrange Eq. (2.20) to

α(v) · pu(1, v)− β(v) · qu(0, v) + γ(v) · pv(1, v) = 0 (2.21)

where

α(v) = au(1, v)[1] ,

β(v) = bu(0, v)[1] ,

γ(v) = au(1, v)[2] − bu(1, v)[2] .

Equation (2.21) expresses the G1 condition in a very straightforward way: Instead
of comparing two reparametrized surfaces, it directly relates the transversal (pu

and qu) and versal (pv) derivatives along the two surface boundaries by three
scalar connection functions α, β, γ. These functions result from derivatives of the
reparametrizations a, b and hence have the following properties:



14 Chapter 2. Fundamentals

• They are r − 1 times differentiable.

• α(v) > 0 and β(v) > 0 for v ∈ [0, 1].

Thus, instead of finding suitable reparametrizations a, b, we can equivalently
find suitable connection functions α, β, γ such that Eq. (2.21) holds in order to
establish G1 continuity of a joint.

Conversely, Eq. (2.21) can be used to derive sufficient G1 conditions by fixing
some connection functions α, β, γ. In particular, by fixing β(v) = 1, we get

qu(0, v) = α(v) · pu(1, v) + γ(v) · pv(1, v) ,

which offers an intuitive geometric interpretation (Fig. 2.2): At every boundary
point determined by a parameter v, the local tangent plane of the left patch is
spanned by the partial derivatives pu and pv. Now, the cross-boundary derivative
of the right patch, qu, must lie in this tangent plane, i. e. be a linear combination
of the tangent vectors.

By setting α(v) = β(v) = 1 and γ(v) = 0, the G1 condition reduces to
pu(1, v) = qu(0, v), i. e. the C1 condition. Hence, C1 continuity is a special case
of G1 continuity.

A common technique for deriving explicit G1 constraints in terms of Bézier
points is to prescribe fixed polynomial connection functions α, β, γ. Since the
boundary tangent curves pu, pv and qu are polynomial curves (with their coeffi-
cients given by differences of Bézier points), the resulting G1 condition is again a
sum of polynomials. By raising the resulting polynomials to the same degrees and
comparing coefficients, a set of conditions in terms of linear equalities of Bézier
points is derived. To simplify these computations, it can be helpful to switch to
a scaled Bernstein representation (see Section 2.2.2) to compute the polynomial
multiplications and the degree elevation.

Figure 2.2: Geometric intuition for a G1 joint: The patches p and q join with G1 con-
tinuity if at each point on the boundary, qu is a linear combination of pu and vu (with
weights α, γ), i. e. lies in the local tangent plane of p.
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(a) (b)

Figure 2.3: (a): Bézier grids of aC1 continuous spline surface. Solid dots are constrained
by the midpoint condition. (b): Three neighboring arcs emanating from a layout node.
The tangent vectors corresponding to arcs ai−1 and ai+1 must form a 180◦ angle.

2.3.3 Non-Regular Layouts

In Section 2.3.1, we derived a simple construction rule for joining two adjacent
Bézier surfaces with C1 continuity: Each triplet of adjacent Bézier points that
straddles the boundary must be in a collinear and equidistant configuration (ac-
cording to the midpoint condition, cf. Eq. (2.15)). Using multiple Bézier surfaces,
a smooth composite surface or spline surface can be assembled by enforcing this
rule for all boundaries between individual surface pieces (see Fig. 2.3a). In 3D
space, such a spline surface without self-intersections forms a 2-manifold.

A particular configuration of how Bézier surfaces are combined to a spline
surface may be described by a layout graph, a graph embedded into the mani-
fold surface whose faces (patches) correspond to the individual Bézier surfaces
and whose edges (arcs) correspond to the subdomain boundaries. Accordingly,
vertices (nodes) of the layout graph correspond to the corners of the Bézier sur-
face domains. Since tensor product Bézier surfaces are four-sided, each patch is
bordered by four arcs and the layout graph is also referred to as a quad layout.

It turns out that the possible layouts of non-degenerate Bézier spline surfaces
with C1 continuity are restricted to regular quad layouts where all interior nodes
are regular nodes, i. e. have valence 4. This is a direct result of the collinear-
ity condition for C1 joints: Consider an interior node of valence n with incident
arcs a0, . . . , an−1 (as shown in Fig. 2.3b). Each arc ai corresponds to a bound-
ary between two Bézier surfaces. If these two surfaces join C1-continuous, their
cross-boundary tangents must be collinear, which affects the two boundary curves
associated with the arcs ai−1 and ai+1 to either side of ai (indices taken modulo
n). Since the region around the node is locally planar, the angles ϕi−1 between
ai−1 and ai and ϕi between ai and ai+1 must sum to a half circle: ϕi−1 + ϕi = π.
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Also due to planarity, all angles ϕi around the node form a full circle:

2π =
n−1∑
i=0

ϕi =
1

2

n−1∑
i=0

(ϕi−1 + ϕi) =
1

2
nπ ,

and therefore n = 4.
The fact that C1 spline surfaces must have regular quad layouts severely re-

stricts their topology: For the layout of a closed surface without holes, the number
of nodes v, arcs e, and patches f is related to the genus g of the surface by the
Euler characteristic v − e+ f = 2(1− g). Each arc corresponds to two half-arcs,
h = 2e. Since we have a quad layout, each patch is surrounded by four half-arcs,
i. e. h = 4f and due to regularity, each node has four outgoing half-arcs: h = 4v.
Thus, the left-hand side of the Euler characteristic cancels to 0, implying g = 1.
This means that closed C1 spline surfaces can only model objects with genus 1,
i. e. torus topology.

To overcome this restriction,C1 continuity is abandoned in favor of the weaker
condition of G1 continuity. Most importantly, G1 continuity does not require all
cross-boundary derivatives to be collinear and hence does not force all interior
layout nodes to have valence 4. Interior nodes where more or fewer than 4 patches
meet are referred to as irregular nodes (other common names from the literature
are extraordinary vertex or N -vertex), and their incident arcs as irregular arcs.
Quad layouts which contain irregular nodes are called non-regular.
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Related Work

Previous research that is relevant to our work can be roughly categorized into
three fields: The mathematical representation of smooth surfaces (Section 3.1),
the segmentation of surfaces into suitable parametric domains (Section 3.2), and
the automatic approximation of 3D objects by a simplified surface model (Sec-
tion 3.3).

3.1 Surface Representation

Bézier curves [Cas63; Béz67] and their bivariate generalization, tensor product
Bézier surfaces [Boo62], provide a simple parametric representation of polyno-
mial curves and surfaces. Joining multiple Bézier surfaces with Cr continuity
produces smooth spline surfaces with a regular layout which are generalized by
B-Spline surfaces [GR74]. NURBS surfaces [Ver75] further broaden this defi-
nition by allowing weighted Bézier points, thus providing a unified representa-
tion of both piecewise polynomial surfaces and conic sections. One restriction
of NURBS, the strictly grid-like arrangement of knots in the parameter domain,
is lifted by T-Splines [SZB+03] which allow partial rows and columns of knots,
hence providing a more compact representation for tensor product spline surfaces.

All of the aforementioned representations have enjoyed broad popularity in
both modeling and design applications over the past decades. Besides providing
an intuitive framework for shape design, their appeal is due to their simple math-
ematical representations which lend themselves to efficient algorithms for con-
struction, evaluation, and rendering. Furthermore, all these representations can be
used to generate surfaces that are guaranteed to have a certain degree of continu-
ity across their interior. Their common drawback, however, is their restriction to a
regular, i. e. grid-like domain structure, making it impossible to model general ob-
jects of arbitrary topology using a single, closed surface. Hence, it is an ongoing

17
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effort to generalize the concept of tensor product spline surfaces to non-regular
domains, enabling the construction of surfaces with arbitrary topology while pre-
serving the built-in continuity guarantees.

The family of representations known as subdivision surfaces abandons the
idea of an explicit parametrization in favor of an algorithmic approach: Instead
of describing the surface of an object by a bivariate function, subdivision surfaces
are represented by an initial control mesh and a subdivision rule specifying how
to refine the control mesh and how to update its vertex positions. Iterated applica-
tions of the subdivision rule produce a sequence of increasingly refined versions
of the control mesh. Under certain conditions, this sequence converges towards a
continuous limit surface. The crucial advantage of this approach comes from the
invention of subdivision schemes which are not limited to regular quadrilateral
control meshes, but can instead be used to subdivide arbitrary polygonal meshes.
Prominent examples for such schemes are due to Doo and Sabin [DS78] and Cat-
mull and Clark [CC78], generalizing biquadratic and bicubic B-Spline surfaces,
respectively. Near irregular vertices of the input mesh, the limit surfaces of these
methods were later shown to be G1 continuous for Doo-Sabin subdivision and C1

continuous for Catmull-Clark subdivision [Rei95].
A common objection against the use of subdivision surfaces is that it is impos-

sible to explicitly evaluate points on the surface in the vicinity of irregular vertices.
While it has been shown that subdivision surfaces can in fact be evaluated at ar-
bitrary locations [Sta98], this evaluation scheme turns out to be mathematically
involved and computationally expensive. In contrast, the evaluation of parametric
surfaces (such as tensor product Bézier patches) is simple and efficient to com-
pute. Therefore, an alternative approach is to imitate the limit surface of a subdi-
vision process by a collection of Bézier surfaces. This was realized by Peters who
introduced a family of construction methods known as Surface Splines [Pet94;
Pet95a; Pet95b] which serve as a parametric approximation to Doo-Sabin sub-
division surfaces. For a given polygonal control mesh of arbitrary topology, a
few Doo-Sabin subdivision steps are applied, hence producing a mesh where all
vertices have valence four. Then, instead of further iterating the subdivision proce-
dure, the mesh surface is converted to a network of tensor product Bézier surfaces
such that each vertex of the control mesh (also called control point) corresponds
to one surface patch. The Bézier points of the individual surfaces are computed
from convex combinations of the control point positions in a way that ensures
a globally smooth surface. In particular, the individual Bézier patches join with
C1 continuity everywhere except around irregular vertices, where patches join
G1-continuously. Surface Splines maintain a low polynomial degree: Around ir-
regular vertices, bicubic Bézier surfaces (degree (3, 3)) are used and in regular
regions, they are biquadratic (degree (2, 2)) and locally form a uniform tensor
product B-Spline surface. For a given control mesh connectivity, Surface Splines
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form a basis for a vector space of continuous spline surfaces where each basis el-
ement corresponds to the region of influence of one control point, i. e. one vertex
of the control mesh.

Unfortunately, Surface Splines must trade off between some desirable design
properties. Specifically, there is a trilemma between (a) low polynomial degree;
(b) tangent plane continuity everywhere; and (c) free positioning of the control
points, of which at most two of these three properties can be fulfilled at the same
time. Often, (c) is sacrificed in favor of (a) and (b), which is paid with some
positional constraints on the control points around irregularities. Furthermore, it
has proven difficult to generalize Surface Splines from their original formulation
to higher degrees of continuity. Already for curvature (i. e. C2 and G2) continuity,
the derivation of Bézier coefficients becomes quite involved and contains free
parameters that lack an obvious default choice [Pet96].

3.2 Quad Layout Generation
Approximating the shape of a given object by a spline surface can be broken down
into two major tasks: First, the connectivity of a suitable control mesh is deter-
mined. Then, a spline surface is generated from the control mesh and its geometry
is optimized to capture the shape of the input object. If the resulting spline surface
is a piecewise tensor product Bézier surface (as is the case in Surface Splines), the
connectivity of the control mesh determines the quadrilateral layout graph of the
composite surface. Due to this correspondence, a natural way to construct a con-
trol mesh is to inscribe the layout graph directly in the surface of the input object.

Segmenting the surface of an object into a quad layout has numerous appli-
cations beside spline surface reconstruction: Quad layouts serve as domain for
surface parametrizations which are used e. g. for texture mapping, detail encoding
or re-meshing. High-quality quad layouts adapt to the overall geometric struc-
ture of an object and tend to have arcs that align with the local curvature of the
surface or run along creases or feature edges. At the same time, they tend to use
a low number of irregular nodes which are placed in geometrically meaningful
locations.

Automatic methods for the generation of quad layouts have been proposed
in the context of different applications. For the purpose of spline surface fitting,
Eck and Hoppe [EH96] use a decimation-based approach where a polygonal in-
put surface is reduced to a coarse triangle mesh with an even number of faces.
Then, pairs of neighboring triangles are merged to form an all-quadrilateral net-
work. Another approach based on manifold harmonics is used for quad mesh-
ing [DBG+06]: By connecting adjacent extrema of eigenfunctions of the Laplace-
Beltrami operator, a quadrilateral network known as the Morse-Smale complex
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arises. A subsequent relaxation procedure optimizes the geometry of nodes and
arcs to produce a smooth result.

While the above approaches produce valid quad layouts, their results do not
adequately capture the geometry of the input object and tend to place layout nodes
in implausible locations. For the generation of more geometry-aware quad lay-
outs, parametrization-based techniques, such as the Periodic Global Parameteri-
zation method due to Ray et al. [RLL+06], have been used. While enabling the
generation of quad layouts aligned with the directions of principal surface curva-
ture, such approaches can not ensure a globally consistent layout connectivity.

The more recent Dual Loops Meshing approach [CBK12] achieves both sim-
ple and geometrically faithful quad layouts with guaranteed global consistency:
Desired locations for irregularities on the surface are separated from each other
by a network of curvature-aligned closed geodesic loops which intersect pairwise
and approximately orthogonally. The dual of this loop network is a quad layout
with irregular nodes in the desired locations, whose arcs and nodes are finally
adapted to the surface shape by an iterative optimization process [CK14b].

Due to the numerous (possibly conflicting) requirements imposed for quad
layouts, a fully automatic solution is not always desirable. Hence, there are several
semi-automatic approaches that assist a human designer in creating valid, high-
quality quad layouts using a set of interactive editing tools [JLW10; TDN+12;
CK14a].

Many quad layout generation algorithms additionally produce a parametriza-
tion of the interior of each patch, often as a by-product of their inner workings.
If this is not the case, a parametrization can be created retroactively, e. g. by a
discrete harmonic parametrization of each individual patch [FH02].

3.3 Spline Surface Fitting
The task of turning 3D models in the form of polygonal meshes or point clouds
into smooth spline surfaces has attracted steady research interest over the past
decades. Spline representations are desirable due to their smoothness, their high-
level editing capabilities and their memory efficient storage compared to unstruc-
tured data.

Generally, automatic methods for spline surface fitting are differentiated by
their input requirements (point cloud vs. surface mesh data), surface domain struc-
ture (prescribed vs. automatically generated), and output representation (paramet-
ric vs. subdivision surfaces). On the other hand, most methods are based on the
same conceptual model for the determination of the surface geometry: Somehow,
a correspondence between positions on the input mesh and positions on the spline
surface is established, e. g. by matching parametrizations. Then, a fitting energy



3.3. Spline Surface Fitting 21

functional, measuring the approximation error between corresponding spline sur-
face and input surface points is expressed in terms of the surface model parame-
ters (i. e. control points). Often, the evaluation of this energy is discretely approxi-
mated by taking a finite amount of samples at corresponding positions on the input
and output surface. The best approximating surface is then obtained by solving
the optimization problem of finding the minimal energy surface parameters.

Particular examples for spline surface fitting based on subdivision surfaces
include Hoppe et al. [HDD+94] who reconstruct a subdivision surface from un-
structured point cloud data and Litke et al. [LLS01] who use a non-variational ap-
proach to fit Catmull-Clark surfaces to manifold objects without solving a global
optimization problem.

For the alternative case of fitting parametric spline surfaces, the work of Eck
and Hoppe [EH96] has been seminal. Their approach converts unstructured laser
scan data into a tangent-plane continuous Surface Spline representation consisting
of tensor product Bézier surfaces. First, a triangle mesh surface is extracted from
the input point cloud which is turned into a quad layout by decimation and pair-
wise merging of triangles (cf. Section 3.2). The dual of this quad layout is taken
as the control mesh for a Surface Spline construction. Then, corresponding sam-
ples are distributed on the generated Bézier surfaces and the parametrized patches
of the input surface. Optimal positions for the Surface Spline control points are
found by minimizing the distances of corresponding samples in a least-squares
sense. Further extensions include an iterative parameter update of the Bézier sam-
ple points and an adaptive local refinement scheme of the underlying quad layout.

This reconstruction approach has been adapted to other parametric represen-
tations such as T-Spline surfaces [LRL06].

A common issue for all above methods are small surface oscillations arising
from the spline approximation. This is countered by introducing an additional
fairness energy term to the surface optimization problem, penalizing surfaces with
strong curvature or higher-order derivatives. A discussion of different fairness
functionals is found in [Gre94]. Westgaard and Nowacki [WN01] present a surface
design scheme that constructs smooth surfaces subject to user-specified fairness
functionals, maintaining additional constraints for interpolation or approximation
of certain points.
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Chapter 4

Framework

In this section, we give an overview of the general architecture of our Surface
Spline fitting framework. In particular, we define the necessary data structures
and intermediate meshes that are used to construct the resulting spline surface.
Next, we show how to establish correspondences between points on the input
mesh and output spline surfaces, which is then used to define error measures suit-
able to quantify the approximation quality of the generated spline surface. We
can then express the problem of fitting the spline surface as an optimization of the
approximation error measure by finding suitable Surface Spline control points.
Finally, we show how this optimization problem can be reduced to a simple linear
least squares problem.

4.1 Mesh Extraction and Refinement

Any triangle mesh with an embedded quad layout can serve as input for our algo-
rithm (in practice, we mostly use layouts created using the Dual Loops meshing
and embedding alignment algorithms by Campen et al. [CBK12; CK14a]).

We assume the input data is given in form of a 2-manifold triangle mesh called
input mesh I (Fig. 4.1a) whose connectivity is given by the graph (VI , EI), im-
plying a set of triangular faces FI . The quad layout embedded into I is specified
by a set of arc edges E ⊆ EI and node vertices V ⊆ VI . From this embedded
quad layout, a separate layout mesh L (Fig. 4.1b) is extracted where each edge EL
corresponds to one arc, represented in I by a path of arc edges in E. Vertices VL
of the layout mesh correspond to the node vertices V in I. If the layout embedded
in I is a valid quad layout, all faces FL of the layout mesh L are four-sided.

We use the following notations to refer to corresponding predecessors for ele-
ments of L: For a vertex v ∈ VL, pre v ∈ VI refers to the corresponding node ver-
tex in I. For an edge e ∈ EL corresponding to an arc embedded in I, pre e ⊆ E

23
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(a) (b) (c)

Figure 4.1: From an input triangle mesh I (a), the connectivity of the embedded quad
layout (red) is extracted to form the layout mesh L (b), which is subsequently refined into
the patch mesh P (c).

is a set containing all edges that constitute this arc in the input mesh. Similarly,
for a layout mesh face f ∈ FL, the predecessors pre f ⊆ FI are the set of input
mesh triangles falling into the layout patch corresponding to f .

In addition to the embedding of the quad layout, I also stores parametrizations
for the individual patches. These parametrizations are represented by piecewise
linear functions by storing a parameter value uI ∈ [0, 1]2 at every triangle cor-
ner. The extracted layout mesh L also stores corresponding parameter values
uL ∈ {0, 1}2 of the face corners. Parametrizations are usually provided along
with the embedded layout as input data. If none are provided, we generate sim-
ple parametrizations for each patch by fixing the corner and boundary parameter
values and computing the values for the interior vertices according to a discrete
harmonic parametrization.

The layout mesh L is a quad mesh and can therefore potentially serve as the
quad layout for a tensor product Bézier spline surface. However, L is typically
not directly usable as a surface domain for two reasons:

1. The resolution of L is often quite coarse and hence the resulting spline sur-
face would contain too few degrees of freedom to achieve an acceptable
approximation of the input shape.

2. Surface Splines impose some connectivity requirements on the quad layout.
In particular, all pairs of irregular nodes must be separated from each other
by at least three arcs. This ensures that theG1 constructions around irregular
nodes and their associated control point constraints do not conflict with one
another.

We therefore refine the grid structure of L, which is achieved in two phases: In
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the first phase, some edges of L are annotated with a desired number of sub-
divisions. We describe this by a map s : EL → N0 where s(e) = n indicates
that the edge e should be subdivided at least n times (i. e. into at least n + 1
pieces). Hence, for edges that require no subdivision, s(e) = 0. The values
s(e) are computed as the maximum of two intermediate subdivision requirements,
s(e) = max {sA(e), sC(e)}, which serve to counteract the previously mentioned
deficiencies:

1. sA(e) describes the desired subdivisions to improve the approximation ac-
curacy of the spline surface. To achieve a roughly uniform subdivision, we
pick a maximum arc length αmax and compute sA(e) as follows: For each
edge e ∈ EL, we measure the length αe of the associated arc embedded in
I by summing up all edge lengths of pre e. Then, we set

sA(e) =

⌊
αe
αmax

⌋
.

2. sC(e) denotes the minimum required subdivisions of edge e due to Surface
Spline connectivity constraints. As stated before, irregular layout nodes
need to be isolated from each other by at least three arcs, which we enforce
by a simple, sufficient heuristic: For each edge e ∈ EL, we set sC(e) to the
number of incident irregular vertices. This ensures that edges connecting
two irregular vertices are split twice, producing a separation by three edges.

Computing s(e) accordingly prescribes required refinements for all edges e ∈
EL. In order to maintain quad mesh connectivity, the interior of faces f ∈ FL
needs to be refined as well which is complicated by the fact that two opposite
edges of a face f can have different required refinement values s. In such a con-
figuration, a refinement of the edges around f would lead to a situation where it
is impossible to tile the interior of f with quadrangular faces without introducing
new irregular vertices. We therefore propagate required subdivision values across
the mesh such that each pair of opposite edges has the same value, enabling a sim-
ple grid-like refinement of the interior of all faces. Refining faces in this fashion
produces regular grids of continuous Bézier patches in the resulting surface layout
which can be combined into B-Spline surfaces for compact representation.

Propagating refinement values to opposite edges can globally affect the mesh.
More precisely, the refinement value s(e) of an edge e ∈ EL can potentially prop-
agate to any other edge in its associated edge ring, which we define as follows:
The edge ring er e ⊆ EL is the smallest set such that

• e ∈ er e; and

• e′ ∈ er e if e′ has an opposite edge o with o ∈ er e.
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er e forms a chain of parallel edges across the layout mesh which either ends in
two boundary edges or forms a closed loop.

By this definition, we can compute the propagated refinement values S(e) for
all edges e ∈ EL by

S(e) = max {s(e′) | e′ ∈ er e} .

Now, the refined patch mesh P (Fig. 4.1c) is constructed from L as follows:
For each edge e ∈ EL with a refinement value S(e) = n, n + 1 corresponding
edges e0, . . . , en ∈ EP are created in the patch mesh. For each face f ∈ FL
with two incident neighboring edges ea, eb with S(ea) = n, S(eb) = m, a grid
of (n + 1) × (m + 1) faces fij ∈ FP (with i = 0, . . . , n and j = 0, . . . ,m) is
created. Each vertex v ∈ VL corresponds directly to a patch mesh vertex v′ ∈ VP .
Additionally, VP contains vertices that arise from the edge and face refinements.
We also establish predecessor mappings between elements of P and L: Patch
mesh edges e ∈ EP and faces f ∈ FP all have unique predecessors pre e ∈ EL,
pre f ∈ FL, corresponding to the original elements from which they were refined.

The connectivity of P can now serve as a quad layout for a Surface Spline
construction in the sense that each face of FP corresponds to one tensor product
Bézier surface. Since the control mesh for Surface Splines is dual to the quad
layout, each face also corresponds to one Surface Spline control point. However,
we do not need to explicitly construct this dual mesh.

4.2 Surface Coordinates
With faces of P directly corresponding to Bézier surfaces, it is natural to represent
a point on a face fP ∈ FP by a local parameter uP ∈ [0, 1]2 (Fig. 4.2c). In con-
trast, points on a face fL ∈ FL of the layout mesh are more naturally represented
by a global parameter uL ∈ [0, 1]2 corresponding to the parametrization of the
input mesh (Figs. 4.2a and 4.2b). Due to the refinement of L into P , the same
surface point can hence be described with respect to either mesh by (fL,uL) or
(fP ,uP), i. e. by different coordinates in different faces. To convert between these
two representations, we set up conversion functions

toP : FL × [0, 1]2 → FP × [0, 1]2 ,

toL : FP × [0, 1]2 → FL × [0, 1]2 .

Since we assume a uniform refinement of L, we can give an explicit expression
for toP : Consider a face fL ∈ FL and a point on fL represented by coordinates
uL = (uL, vL) ∈ [0, 1]2. Assuming that fL is subdivided into n ×m patch mesh
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(a) (b) (c)

Figure 4.2: Representation of a point p on the surface: (a): Input mesh with embedded
layout (red). Layout coordinates are stored piecewise linear in the containing faces fI .
(b): p represented by coordinates (uL, vL) in the extracted layout mesh face fL. (c): p
represented by coordinates (uP , vP) in the refined patch mesh face fP

faces f ijP ∈ FP (for i ∈ {0, . . . , n − 1} and j ∈ {0, . . . ,m − 1}), the same point
falls into face f ijP of the patch mesh with

i =
⌊uL
n

⌋
and j =

⌊vL
m

⌋
. (4.1)

In this face, it is represented by the local coordinates uP = (uP , vP) ∈ [0, 1]2

given by
uP = n · uL − i , and vP = m · vL − j . (4.2)

Hence, we can define the forward conversion function

toP(fL,uL) = (f ijP ,uP) . (4.3)

Since toP is both injective and surjective, its inverse exists and we can define the
backward conversion function simply by toL = to−1

P .

4.3 Correspondences
With the connectivity of the quad layout now fixed by P , the next step is to create
the spline surface and fit its geometry to the shape of the input mesh. For each
face fP ∈ FP , an associated tensor product Bézier surface bfP is generated. The
Bézier points of these individual surfaces are computed from affine combinations
of the Surface Spline control points. The task of surface fitting is now to find
surface parameters (e. g., control points) such that the resulting Bézier surfaces
approximate the surface of the input mesh as closely as possible.

In order to assess the approximation quality, we need a way to identify corre-
sponding points on the input mesh and on the output spline surface. For this task,
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we employ the coordinate representations and conversions as described in Sec-
tion 4.2. These correspondences can be established either forwards or backwards:

• For forward correspondences, a point p ∈ A is given which lies in the sur-
face of the input mesh I, i. e. in some triangle fI ∈ FI . By barycentric
interpolation of the parameter values stored in the triangular face, an asso-
ciated parameter value uI can be computed for p. The corresponding face
in the layout mesh is that face fL ∈ FL for which fI ∈ pre fL. Since the
parametrization of I and L is identical, we can use the coordinates uL = uI
and identify the position of p by the pair (fL,uL). Using Eqs. (4.1) to (4.3),
we can convert this representation to a patch mesh face and coordinate by
(fP ,uP) = toP(fL,uL). By evaluating the associated Bézier surface bfP at
these coordinates, we finally obtain the desired point on the spline surface,
which we refer to as

fwdp = bfP (uP) .

• In the case of backward correspondences, we start with a point on the Bézier
surface, identified by a patch mesh face fP ∈ FP and coordinate value
uP ∈ [0, 1]2. This representation is mapped back to the layout mesh by
(fL,uL) = toL(fP ,uP). We now need to find the input mesh triangle which
contains the parameter value uL. To do so, we search for the triangular face
fI ∈ pre fL where the parameter values u1,u2,u3 ∈ [0, 1]2 stored at its
corners can form uP as a convex combination, i. e.

uP = αu1 + βu2 + γu3

for some weights α, β, γ ≥ 0 such that α + β + γ = 1. Using these
barycentric coordinates, we can finally map back from parameter values
to positions, given that the positions of the triangle corners are given by
p1,p2,p3 ∈ A, and define

bwd(fP ,uP) = αp1 + βp2 + γp3 = p .

4.4 Fitting Energy
This leaves us with two ways to measure the total approximation error between
input surface and spline surface, depending on the domain of integration. If we
integrate over the input surface, we obtain the following formulation: Let S ⊂ A
denote the set of all points which lie on the surface of the input mesh I. Then, the
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total approximation error of the spline fitting is measured by the uniform fitting
energy

Eufit =
1

A

∫
p∈S

d (p, fwdp) dp . (4.4)

where d : A × A → R≥0 is some suitable distance measure and A is the total
surface area of the input mesh.

If, on the other hand, we decide to use the quad layout of the spline surface as
the integration domain, we obtain a different energy functional which we call the
parametric fitting energy

Epfit =
∑
f∈FP

1∫
0

1∫
0

d (bf (u, v), bwd(f, (u, v))) du dv . (4.5)

Note that in general, Eufit 6= Epfit. In some contexts, the integration domain is not
relevant and we use Efit to refer to either of the two energies.

Assuming a fixed input surface, Eufit and Epfit depend on the positions of the
Bézier points, which we refer to as b̂ ∈ ANB . The positions b̂ in turn are derived
from affine combination of the Surface Spline control points. If we gather all of
the Surface Spline control points in a vector ĉ ∈ ANC , we can thus write the
energies as functions in ĉ, i. e. Eufit(ĉ) and Epfit(ĉ) and the task of finding the best
approximating spline surface turns into the optimization problem

ĉ∗ = argmin
ĉ∈ANC

Efit(ĉ) . (4.6)

4.5 Optimization
Following Eck and Hoppe [EH96], we break down (4.6) into a more manageable
form by

(a) approximating the integrals appearing in Eqs. (4.4) and (4.5) by sampling;

(b) choosing a suitable distance measure d; and

(c) exploiting the linear properties of the Bézier and spline surface representa-
tion.

This will allow us to pose Eq. (4.6) as a sparse linear least-squares problem, which
can be solved efficiently.

First (Item (a)), we eliminate the integrals in the fitting energy functionals by
approximating them with sums. For the uniform fitting energy (Eq. (4.4)), we
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(a) (b)
Figure 4.3: Discrete approximation of the fitting energies by sampling. (a): Uniform
sampling of the surface S of the input mesh approximating Eufit. (b): Uniform sampling
of the parameter domains of the resulting Bézier patches approximating Epfit.

partition the surface S into n little pieces, each piece with an area Ai centered
around a surface point pi (with i ∈ {1, . . . , n}). We can then approximate the
energy by

Eufit =
1

A

∫
p∈S

d (p, fwdp) dp

≈ 1

A

n∑
i=1

d (pi, fwdpi) · Ai .

If n becomes sufficiently large and the position samples pi are uniformly dis-
tributed over S (see Fig. 4.3a), the areas of the little surface pieces approach
Ai ≈ A

n
. Hence, we obtain

Eufit ≈
1

n

n∑
i=1

d (pi, fwdpi) . (4.7)

For the approximation of the parametric fitting energy (Eq. (4.5)), we instead
discretely sample the parameter domains of the patches (see Fig. 4.3b). On each
patch, we distribute a regular, uniform grid of samples (ui, vj) ∈ [0, 1]2 with
i, j ∈ {1, . . . , n}. Every sample hence covers a parametric area of Rij = 1

n2 , and
we can use the approximation

Epfit =
∑
f∈FP

1∫
0

1∫
0

d (bf (u, v), bwd(f, (u, v))) du dv

≈
∑
f∈FP

n∑
i=1

n∑
j=1

d (bf (ui, vj), bwd(f, (ui, vj))) ·Rij

=
1

n2

∑
f∈FP

n∑
i=1

n∑
j=1

d (bf (ui, vj), bwd(f, (ui, vj))) .
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Next, for Item (b), we choose the squared euclidean distance as our distance
measure d. We can do this by interpreting the difference vector between the two
points x − y ∈ V as a real coordinate vector Rn and just employ the standard
euclidean norm:

d(x,y) = ‖x− y‖2
2 .

Finally (Item (c)), remember that a tensor product Bézier surface b of degree
(n,m) is evaluated at a parameter (u, v) by

b(u, v) =
n∑
i=0

m∑
i=0

Bn
i (u)Bm

j (v)bij . (4.8)

By fixing some parameter value (u, v) in Eq. (4.8), the Bernstein polynomials
become just linear coefficients aij of the Bézier points:

b(u, v) =
n∑
i=0

m∑
i=0

aij · bij .

By some simple re-indexing, we can refer to the Bézier points and Bernstein coef-
ficients using single indices r ∈ {1, . . . , nB} instead of double indices (i, j), i. e.
br = bij and ar = aij . This allows us to write b(u, v) as a dot product

b(u, v) =
(
a0 · · · anB

)
·

 b0
...

bnB

 .

By extending the left operand from a row vector to a matrix S ∈ RnS×nB where
each row corresponds to the Bernstein coefficients for some parameter, we can
compute an entire column vector s ∈ AnS containing nS samples of the Bézier
surface at once:

s =

 b(u1, v1)
...

b(unS
, vnS

)

 = S ·

 b0
...

bnB

 .

Instead of computing samples from one single Bézier patch, we can compute sam-
ples from the entire spline surface using a single matrix multiplication in the same
fashion. In order to do this, we concatenate the Bézier points of all individual
Bézier surfaces into one big column vector b̂ ∈ ANB . We multiply b̂ by a matrix
Ŝ ∈ RNS×NB where each row contains some nonzero elements corresponding to
the Bernstein coefficients of one coordinate sample from a single Bézier patch.
All other elements are zero, thus Ŝ is very sparse. The result of this multiplication
is a column vector ŝ ∈ ANS containing NS samples from the spline surface:

ŝ = Ŝ · b̂ . (4.9)
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We now have a linear representation of spline surface samples ŝ in terms of the
Bézier points b̂. However, our optimization problem (Eq. (4.6)) is posed in terms
of the Surface Spline control points ĉ, instead. Conveniently, the positions of our
Bézier points derive from affine combinations of the Surface Spline control points,
which also leads to a linear expression. Suppose all control points are given by a
vector ĉ ∈ ANC . Then, the vector b̂ ∈ ANB of all Bézier points is computed by

b̂ = B̂ · ĉ (4.10)

where B̂ ∈ RNB×NC is a matrix where each row contains the coefficients of the
Surface Spline control points that contribute to the position of one Bézier point.
In the Surface Spline construction, Bézier point positions are combined from only
a small, constant number of control points. Hence, B̂ is sparse as well. Now,
plugging Eq. (4.10) back into Eq. (4.9), we get

ŝ = Ŝ · b̂ = Ŝ · B̂ · ĉ = A · ĉ (4.11)

where A = Ŝ · B̂ ∈ RNS×NC is again a sparse matrix.
Let us put the above results together to derive an explicit form of the Surface

Spline optimization problem using the discretized uniform fitting energy. First,
we employ our choice of distance function, replacing d in Eq. (4.7) by the squared
euclidean distance:

Eufit ≈
1

nS

n∑
i=1

‖pi − fwdpi‖2
2 .

Instead of summing up the squared differences of individual sample pairs pi,
fwdpi, we can write this as the squared norm of a single vector difference: If
we combine all input mesh samples and spline surface samples into column vec-
tors p̂ = (p1, . . . ,pNS

)T and ŝ = (fwdp1, . . . , fwdpNS
)T, we get

Eufit ≈
1

nS

‖p̂− ŝ‖2
2 .

Now, recall that we can generate the output samples ŝ directly from the po-
sitions of the Surface Spline control points ĉ by multiplication with a matrix
A ∈ RNS×NC (cf. Eq. (4.11)). Hence, we can express Eufit in terms of ĉ by

Eufit(ĉ) ≈ 1

nS

‖p̂−A · ĉ‖2
2 , (4.12)

which brings the minimization of Eufit to the form of a linear least squares prob-
lem. Ignoring the constant factor 1

nS
, we find a minimizer ĉ∗ for Eq. (4.12) by

solving the normal equations

ATA · ĉ∗ = ATp̂ . (4.13)
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The parametric fitting energy Epfit can easily be brought to the same form as
Eufit in Eq. (4.12). In general, any sampling scheme that creates corresponding
input surface points and spline surface points obtained from fixed Bézier surface
parameters can be expressed in this fashion. Note that changing the sampling
strategy affects the values of A and will hence lead to different optimization re-
sults. Increasing the number of samples NS will increase the number of rows
in A. This does however not affect the size of the linear system (4.13), whose
complexity solely depends on the number of control points NC.

4.6 Fairness Energy
The approach of spline surface fitting described in the previous sections has a
notorious drawback: While the generated surfaces are indeed continuous (as is
guaranteed by the Surface Spline construction), they commonly exhibit ripples or
oscillations that are not present in the input surface.

These undesirable imperfections in the resulting surface are commonly coun-
teracted by introducing some sort of fairness energy into the optimization which
penalizes strong variation of surface tangents or higher-order properties. While
plenty of such fairness energies have been proposed [Gre94; WN01], the most
common choice is some variation of a thin plate energy [FS96; EH96; SWW+04;
LRL06], such as

Efair =
∑
b∈B

1∫
0

1∫
0

‖buu(u, v)‖2
2 + 2 · ‖buv(u, v)‖2

2 + ‖bvv(u, v)‖2
2 du dv (4.14)

where we denote by B = {bfP | fP ∈ FP} the set of all Bézier patches constitut-
ing the spline surface and the subscripts of buu, buv and bvv denote second-order
partial derivatives of b. The popularity of the thin plate energy is due to the fact
that, just like the fitting energy Efit, it can be formulated as a quadratic function of
the Surface Spline control points and hence can be minimized by solving a linear
system.

The evaluation of Eq. (4.14) is occasionally handled by sampling [LRL06],
analogously to the discrete approximation of the fitting energy as described in Sec-
tion 4.5. However, Efair can also be analytically evaluated to a simple quadratic
form which can be expressed in terms of the Surface Spline control points, i. e.

Efair(ĉ) = ĉTSĉ

where S ∈ RNC×NC is a symmetric positive-definite matrix whose construction is
derived in Appendix A.
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For a simultaneous optimization, the fitting energy Efit and fairness energy
Efair are mixed together by a linear combination

E(ĉ) = Efit(ĉ) + σ · Efair(ĉ) (4.15)

where σ ∈ R≥0 is a scaling factor that allows to control the strength of the fairing.
The larger the value of σ, the more the shape of the spline surface is allowed to
deviate from the shape of the input surface to allow for more smoothness.

Note that since Eq. (4.15) is a linear combination of quadratic functionals, it
is itself quadratic (here, we again drop the factor 1

NS
from Efit):

E(ĉ) = Efit(ĉ) + σ · Efair(ĉ)

= ‖p̂−Aĉ‖2
2 + σ · ĉTFĉ

= (p̂−Aĉ)T (p̂−Aĉ) + σ · ĉTFĉ
= ĉTATAĉ− 2p̂TAĉ + p̂Tp̂ + σ · ĉTFĉ
= ĉT

(
ATA + σ · F

)
ĉ− 2p̂TAĉ + p̂Tp̂ .

To find the minimum, we derive w. r. t. ĉ and set to zero, yielding

2
(
ATA + σ · F

)
ĉ− 2p̂TA = 0(

ATA + σ · F
)
ĉ = ATp̂ (4.16)

which serves as a direct generalization of the normal equations (4.13).

4.7 Control Point Constraints
As mentioned previously in Section 3.1, if we want the Surface Spline surface
to be both continuous and of low polynomial degree, we must enforce certain
constraints on some of the Surface Spline control points. In particular, these
constraints arise around layout nodes which have an even valence n > 4, i. e.
n ∈ {6, 8, 10, . . . }. Each such constraint relates the 2n control points of the
patches that directly surround the irregular n-sided region and is given by

n∑
i=1

(−1)i (ci,1 − ci,2) . (4.17)

Equation (4.17) is a linear expression of a single control point constraint. We can
simultaneously express all constraints arising for a particular layout by a matrix-
vector product

C · ĉ = 0
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where every row of the constraint matrix C ∈ RNI×NC contains some coefficients
±1 corresponding to a single constraint expression (4.17). The vector ĉ ∈ ANC

is a vector of all NC Surface Spline control points and NI is the total number of
irregular layout nodes with even valence.

In order to enforce these constraints, we restrict the solution of Eq. (4.16)
by introducing Lagrange multipliers λ ∈ RNI , hence converting our objective
function to the Lagrangian

L(ĉ, λ) = Efit(ĉ) + σEfair(ĉ) + λTCĉ . (4.18)

Differentiating Eq. (4.18) w. r. t. ĉ and setting to zero yields the same terms as
above for Eq. (4.15), plus one new term containing λ:

2
(
ATA + σ · F

)
ĉ− 2p̂TA + CTλ = 0 (4.19)(

ATA + σ · F
)
ĉ +

1

2
CTλ = ATp̂ , (4.20)

while differentiating Eq. (4.18) w. r. t. λ yields just

Cĉ = 0 . (4.21)

We can now combine Eqs. (4.20) and (4.21) into one equation by constructing a
(NC +NI)× (NC +NI) block matrix ATA + σ · F 1

2
CT

1
2
C 0

(ĉ
λ

)
=

(
ATp̂

0

)
. (4.22)

By solving Eq. (4.22) for ĉ and λ, we obtain the control point positions of the opti-
mal spline surface w. r. t. the fitting and fairness energies which fulfills the Surface
Spline construction constraints and is hence tangent plane continuous everywhere.

4.8 Discussion
Experimental results of the spline surface fitting framework described in this chap-
ter reveal that the major problem with this method are small surface oscillations.
Often, the generated spline surfaces will be wavy or contain small artifacts such as
cusps or foldovers which are not present in the input mesh. These problems are es-
pecially pronounced when the input quad layout comprises neighboring patches of
greatly varying sizes. The obvious countermeasure to these artifacts, i. e. increas-
ing the weight σ of the fairness energy Efair, does unfortunately not adequately
solve the problem: In most cases, σ must be increased to a significant magnitude
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(a) (b) (c) (d)

Figure 4.4: A layout with greatly varying patch sizes (a) cannot be regularly represented
by a biquadtratic C1 spline surface (b) where cross-boundary tangents (successive grid
edges that cross a patch boundary) must have equal length. Moving the free Bézier points
to match the given patch sizes results in foldovers (hatched) (c). G1 continuity (d) lifts
this restriction and can hence reproduce the original configuration without distortions.

in order to flatten out the oscillation artifacts. Doing so will, however, cause the
spline surface to greatly deviate from the target shape, especially near fine features
which are lost due to excessive smoothing.

We have identified two major causes which contribute to these problems:
The first flaw is found in the formulation of the fairness energy Efair, i. e. the

thin plate energy (Eq. (4.14)). The problem here lies in the fact that the total curva-
ture of individual Bézier patches is computed by integrating over their parameter
domains, which erroneously assumes a uniform area parametrization. However,
since the given layout may prescribe varying patch sizes, this assumption is vi-
olated, leading to small patches producing significantly less fairing energy than
large patches, given the same curvature. Hence, optimized surfaces tend to min-
imize their fairing energy Efair by storing most of their total curvature in small
patches, thereby causing small oscillations. We discuss possible countermeasures
to this problem in Chapter 6.

The second problem is rooted in geometric inflexibilities of the Surface Spline
construction. Since in regular regions, individual Bézier patches are joined with
C1 continuity, they have identical partial derivatives across shared boundaries. As
discussed in Section 2.3.1, this property translates into the midpoint condition
on the Bézier grids, enforcing that triplets of Bézier points that straddle a patch
boundary must be collinear and equidistant (cf. Eq. (2.15)). This equidistance
constraint can be the cause of severe distortions and foldovers in the shape of the
spline surface where patches with significantly differing sizes meet, as illustrated
in Fig. 4.4: The C1 spline surface (Fig. 4.4b) set to approximate the input lay-
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out (Fig. 4.4a) is determined by one free Bézier point per patch (hollow dots).
The remaining Bézier points (solid dots) are computed by averaging the positions
of the free points. Thus, in order to create Bézier patches that have the same
height as the center row of large layout patches, the free Bézier points of the rows
below and above must be moved outwards. Since the neighboring rows are rel-
atively short, the free Bézier points move beyond the subsequent boundary row,
hence creating foldovers (hatched regions in Fig. 4.4c). These artifacts are by no
means uncommon in practice: For foldovers to occur, it suffices that the widths
of adjacent patches differ by a factor of two, which can occur quite often, even
after some moderate uniform refinement. Our proposed remedy is to lift some
of the restrictions of the Surface Spline model: If we give up C1 continuity and
instead move to the weaker condition of G1 continuity, boundary tangents must
still be collinear but they need no longer be of equal length. This allows to faith-
fully recreate layouts with varying patch sizes without introducing foldovers (see
Fig. 4.4d). In Chapter 5, we derive a model forG1 spline surfaces as an alternative
to Surface Splines, allowing to use arbitrary tangent aspect ratios, hence avoiding
most foldover artifacts.

Note how both the above problems are ultimately caused by non-uniform patch
sizes. Hence, another obvious solution would be to refine the quad layout until all
patch sizes are mostly uniform, i. e. by reducing the target arc length αmax (see Sec-
tion 4.1). However, such a fine granularity of the quad layout is seldom desirable
as it defeats the purpose of spline fitting, i. e. obtaining a high-level, simplified
mesh representation which is easy to edit and has a low memory footprint.
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Chapter 5

G1 Bézier Splines

In this chapter, we derive a representation for tangent-plane continuous spline sur-
faces which, unlike Surface Splines, allows regular surface patches to join withG1

instead ofC1 continuity. This added flexibility makes this model more suitable for
approximating surfaces with embedded quad layouts comprising non-uniformly
sized patches, as discussed in Section 4.8.

We will start with a brief characterization of our G1 Bézier spline model in
comparison to Surface Splines (Section 5.1). Then, we introduce the new degrees
of freedom of our model, i. e. the G1 aspect ratios, and how they arise from the
connectivity of the patch mesh (Section 5.2). We then present a set of proposed
constraints that encode G1 continuity with the desired aspect ratios for joints in
regular (Section 5.3) and irregular (Section 5.4) regions, and prove the existence
of a solution to these constraints (Section 5.5).

5.1 Characterization

We propose our G1 Bézier spline surface model as a generalization of the capa-
bilities of Surface Splines. Due to their similarities, we can adapt most of our
Surface Spline fitting framework (Chapter 4) to our new spline model, requiring
only minor modifications. However, there are some notable differences:

• Surface Splines combine patches of different degrees: Regular layout re-
gions are tiled with biquadratic (degree (2, 2)) tensor product Bézier sur-
faces. Around irregular nodes, bicubic (degree (3, 3)) patches are used. Our
model, in contrast, uses bicubic patches in both regular and irregular re-
gions. Using patches of the same degree everywhere simplifies the deriva-
tion of continuity constraints.

39
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• Obviously, Surface Splines and our G1 Bézier splines differ in their conti-
nuity guarantees: Surface Splines guarantee C1 continuity across almost all
layout arcs. Only arcs incident to an irregular node join with G1 continuity.
In our construction, all arcs are G1 joints, regardless of the valence of their
incident nodes. Still, the particular constraint formulations differ for regular
and irregular arcs.

• For Surface Splines, Bézier point positions are computed from linear com-
binations of the positions of control mesh vertices. The interpolation coef-
ficients are derived from an analytic solution to some fixed, pre-determined
continuity constraints. Similarly, our G1 construction is obtained by impos-
ing certain continuity constraints for patch boundaries in terms of the Bézier
points. We later show that a solution for a thus constrained Bézier network
exists. We will also analyze the degrees of freedom of the resulting model
and how to derive the positions of dependent Bézier points from the free
variables.

• Although we show the existence of an analytic solution to our set of con-
straints, in practice, we still use the constrained form for surface fitting.
The benefit of the constrained form is that we can easily incorporate fea-
tures like sharp corners or feature edges by dropping continuity constraints
for selected layout arcs, hence introducing additional degrees of freedom
to the model. In our original Surface Spline fitting framework (Chapter 4),
we optimize the positions of Surface Spline control points ĉ to obtain an
optimal Bézier spline surface. For our new spline model on the other hand,
we directly optimize the Bézier points b̂ subject to the given continuity con-
straints.

5.2 Aspect Ratios

The switch to G1 continuity allows joints across regular arcs to use arbitrary tan-
gent vector aspect ratios instead of the 1 : 1 ratios required for C1 continuity.
However, in general, aspect ratios cannot be chosen independently for all individ-
ual arcs without overconstraining the surface definition. By restricting the number
of variable aspect ratios based on the global connectivity of the layout mesh, we
can guarantee consistency.

Key to our consistent choice ofG1 aspect ratios is a decomposition of the quad
layout into quad strips. Remember the definition of an edge ring from Section 4.1:
For an edge e ∈ EP in our patch mesh, er e ⊆ EP denotes a chain of parallel edges
propagating from e over the mesh which may either loop unto itself or end in some
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(a) (b)

Figure 5.1: The patches of a quad layout arise from pairwise overlapping quad strips (a).
Assuming strips have uniform widths a, b, c, . . . , half-arcs of layout patches are labeled
with the width of their parallel constituting strip (b).

boundary edges. Based on this, we define the associated quad strip of an edge e
as

strip e = {f ∈ FP | ∃ e′ ∈ er e : f inc e′} ,

where the relation f inc e′ denotes that face f is incident to edge e′. A quad strip
is hence a set of adjacent faces where all shared edges are opposites of their suc-
cessors. Every patch of a quad layout is thus given by the transversal intersection
of two distinct quad strips (or by a transversal self-intersection of a single quad
strip) [CK14a], as shown in Fig. 5.1a. If we make the assumption that all patches
within a strip have roughly the same width, we can characterize each strip by a
positive real-valued strip width. Thereby, aspect ratios between adjacent patches
are implicitly given by the width ratios of the two corresponding adjacent strips
(Fig. 5.1b).

5.3 Regular G1 Joints
A regular G1 joint occurs at each arc connecting two regular nodes. Consider the
following configuration, as illustrated in Fig. 5.2a: Let the arc e be the boundary
between two adjacent patches fp, fq, belonging to two distinct quad strips with
widths a, b ∈ R≥0. The spline surface pieces corresponding to fp and fq are the
bicubic tensor-product Bézier surfaces p(u, v), q(u, v), which are to be joined
with C0 and G1 continuity. As noted in Section 2.3.2, a C0 joint is easily ob-
tained by choosing equal boundary Bézier points. By doing that, we can use the
following labeling for the grid points (see Fig. 5.2b): We refer to the center row
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(a) (b)

Figure 5.2: (a): Regular arc e between two regular nodes. The adjacent patch mesh
faces fp, fq lie in quad strips with widths a, b. (b): Labeling of the Bézier points for the
associated regular G1 condition.

of Bézier points shared between p and q by the labels b0, . . . ,b3. The points in
the two adjacent rows on either side are called p0, . . . ,p3 and q0, . . . ,q3.

To establish G1 continuity, we use Eq. (2.21) from Section 2.3.2, which ex-
presses the reparametrization of p and q in terms of scalar connection functions
α, β, γ:

α(v) · pu(1, v)− β(v) · qu(0, v) + γ(v) · pv(1, v) = 0 . (5.1)

By fixing the functions α, β, γ in Eq. (5.1), we derive a sufficient G1 continuity
condition. Here, we simply choose them as constants

α(v) =
1

a
, β(v) =

1

b
, γ(v) = 0 .

Thus, Eq. (5.1) reduces to

b · pu(1, v) = a · qu(0, v) , (5.2)

which reveals our geometric intuition behind this choice of connection functions:
For Eq. (5.2) to hold, the lengths of the tangents pu and qu must be proportional
to the strip widths a and b, respectively.

Expanding Eq. (5.2), we obtain the expression in terms of the Bézier points

b ·
3∑
j=0

B3
j (v) (bj − pj) = a ·

3∑
j=0

B3
j (v) (qj − bj)

which, due to the linear independence of the Bernstein polynomials B3
j (v), re-

duces to four separate equations

b · (bj − pj) = a · (qj − bj) (RC)

for j ∈ {0, . . . , 3}. Our sufficient G1 condition can hence be enforced by four
equality constraints in terms of Bézier points for each regular arc.
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(a) (b)

Figure 5.3: (a): Irregular arc e between an irregular (vI) and a regular (vR) node. Widths
of the parallel (a, b) and transversal (c) quad strips are shown. (b): Labeling of the Bézier
points involved in the irregular G1 constraint.

5.4 Irregular G1 Joints
IrregularG1 joints arise at arcs which are incident to one irregular and one regular
node, as shown in Fig. 5.3a (note that arcs incident to two irregular nodes cannot
occur in our layouts since such configurations are eliminated by the layout mesh
refinement, cf. Section 4.1). Let us denote the irregular and regular node by vI

and vR, respectively, and the connecting arc by e. As before, we call the two
incident patches fp, fq and their associated Bézier surfaces p(u, v), q(u, v). We
also use the Bézier grid labeling from the previous section, identifying three rows
of Bézier points p0, . . . ,p3, q0, . . . ,q3, and b0, . . . ,b3 (see Fig. 5.3b). Let the
irregular node vI have valence n with n ≥ 3 and correspond to a position of
p(1, 0) and q(0, 0) on the Bézier surfaces. We identify three relevant quad strips:
The two distinct strips running parallel to e through fp and fq have widths a and b.
Let the strip running transversally through e, thus including both fp and fq, have
a width of c.

For such a configuration, Surface Splines derive their Bézier point construc-
tion from a reparametrization corresponding to the constant and quadratic connec-
tion functions [Pet95a]

α(v) = 1 , β(v) = 1 , γ(v) = 2Cn(1− v)2

where

Cn = cos

(
2π

n

)
.

We now modify these connection functions by scaling them with the inverse
widths of the quad strips a, b, c:

α(v) =
1

a
, β(v) =

1

b
, γ(v) =

2Cn
c

(1− v)2 .
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In order to transform from connection functions to explicit continuity con-
straints in terms of the Bézier points, we must insert our choice of α, β, γ into
Eq. (5.1). To do this, we first translate all polynomial factors γ, pu, pv, qu to
scaled Bernstein form, which allows for a more terse notation and simpler multi-
plication of polynomials. For γ, we get

γ(v) =
2Cn
c

(1− v)2 =
2Cn
c

[1, 0, 0] .

The cross-boundary derivatives become

pu(1, v) = 3
3∑
j=0

B3
j (v) (bj − pj)

= 3 [b0 − p0, 3(b1 − p1), 3(b2 − p2), b3 − p3]

and, analogously

qu(0, v) = 3 [q0 − b0, 3(q1 − b1), 3(q2 − b2), q3 − b3] .

Similarly, the versal derivative pv translates to

pv(1, v) = 3
2∑
i=0

B2
j (v) (bj+1 − bj)

= 3 [b1 − b0, 2(b2 − b1), b3 − b2] .

To further simplify the notation, we introduce the following shorthands for the
vectors of Bézier point differences

p′i = bi − pi , q′i = qi − bi , b′i = bi+1 − bi , (5.3)

bringing the derivatives to the form

pu(1, v) = 3 [p′0, 3p′1, 3p′2, p
′
3] ,

qu(1, v) = 3 [q′0, 3q′1, 3q′2, q
′
3] ,

pv(1, v) = 3 [b′0, 2b′1, b
′
2] .

In order to substitute back into the G1 condition, we break down Eq. (5.1) into
its three terms

α(v) · pu(1, v)︸ ︷︷ ︸
A

− β(v) · qu(0, v)︸ ︷︷ ︸
B

+ γ(v) · pv(1, v)︸ ︷︷ ︸
C

= 0
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so we can substitute for each term separately:

A =
3

a
[p′0, 3p′1, 3p′2, p

′
3] ,

B =
3

b
[q′0, 3q′1, 3q′2, q

′
3] ,

C =
6Cn
c

[1, 0, 0] [b′0, 2b′1, b
′
2] .

The product of the two scaled Bernstein polynomials in C can be computed by a
simple discrete convolution (cf. Section 2.2.2), resulting in a polynomial in five
coefficients, i. e.

C =
6Cn
c

[b′0, 2b′1, b
′
2, 0, 0] .

Next, we bring also the polynomials A and B to a representation in five coeffi-
cients by raising their degree by one. This is achieved by a convolution with the
identity polynomial [1, 1]:

A =
3

a
[p′0, p

′
0 + 3p′1, 3p′1 + 3p′2, 3p′2 + p′3,p

′
3] ,

B =
3

b
[q′0, q

′
0 + 3q′1, 3q′1 + 3q′2, 3q′2 + q′3,q

′
3] .

Since the elements of the scaled Bernstein basis are linearly independent, the con-
dition A−B+C = 0 holds if and only if all coefficients fulfill the same equality.
Hence, we can compare the coefficients of A, B and C separately, which yields
the following five constraints (after rearranging to C = B − A and dropping the
common factor of 3):

2Cn
c
b′0 = 1

b
q′0 − 1

a
p′0 , (IC1′)

4Cn
c
b′1 = 1

b
(q′0 + 3q′1)− 1

a
(p′0 + 3p′1) , (IC2′)

2Cn
c
b′2 = 1

b
(3q′1 + 3q′2)− 1

a
(3p′1 + 3p′2) , (IC3′)

0 = 1
b

(3q′2 + q′3)− 1
a

(3p′2 + p′3) , (IC4′)
0 = 1

b
q′3 − 1

a
p′3 . (IC5′)

Note the resemblance of these constraints to those given in [Pet95a] and [WN01]
for biquartic Bézier surfaces. By expanding the differences p′i, q

′
i, b

′
i according

to Eq. (5.3), we finally obtain a set of constraints in terms of the Bézier points
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(a) (IC1) (b) (IC2) (c) (IC3) (d) (IC4) (e) (IC5)

Figure 5.4: Bézier points participating in the constraints (IC1) to (IC5) for an irregular
G1 joint. Red arrows indicate difference vectors.

(individual constraints are illustrated in Figs. 5.4a to 5.4e):

2Cn
c

(b1−b0) = 1
b

(q0−b0)− 1
a

(b0−p0) , (IC1)
4Cn
c

(b2−b1) = 1
b

(q0−b0 + 3q1−3b1)− 1
a

(b0−p0 + 3b1−3p1) , (IC2)
2Cn
c

(b3−b2) = 1
b

(3q1−3b1 + 3q2−3b2)− 1
a

(3b1−3p1 + 3b2−3p2) , (IC3)
0 = 1

b
(3q2−3b2 + q3−b3)− 1

a
(3b2−3p2 + b3−p3) , (IC4)

0 = 1
b

(q3−b3)− 1
a

(b3−p3) . (IC5)

Note how these constraints are in fact a generalization of the regular G1 joint
constraints (RC): If we assume a valence of n = 4, we get Cn = cos

(
2π
4

)
= 0 and

hence the left-hand sides of the conditions (IC1) to (IC5) vanish. The remaining
terms on the right-hand sides then reduce to linear combinations of the regular
conditions (RC) for j ∈ {0, . . . , 3}.

5.5 Explicit Solution
In Sections 5.3 and 5.4, we devised sufficient conditions for G1 continuity be-
tween Bézier patches by choosing suitable connection functions and then deriv-
ing explicit Bézier point constraints. Since all constraints (RC) and (IC1) to (IC5)
are linear in the positions of the Bézier points, it is clear that the trivial solution
of setting all Bézier points to zero will always be feasible. However, the exis-
tence of non-trivial (i. e., non-degenerate) solutions to our chosen constraints is
not immediately obvious.

In the following, we prove that in fact, non-trivial solutions for our G1 surface
constraints exist. In resemblance to Surface Splines, we derive a set of construc-
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(a) (b)

Figure 5.5: Bézier point construction for regular G1 joints. (a): Interior boundary points
bj are computed by linear interpolation of the adjacent points pj , qj . (b): Regular corner
Bézier points b are computed by bilinear interpolation from the surrounding points x, y,
z, w.

tion rules that compute feasible Bézier point positions for the entire surface by
linear combinations from a smaller set of control point positions.

5.5.1 Regular G1 Joints
Any Bézier point on a grid boundary corresponding to a regular arc is involved in
either one or two regular G1 constraints: Bézier points at grid corners are subject
to two transversal constraints. For the remaining Bézier points on the grid bound-
aries, just a single constraint (RC) applies. In the latter case, the position of the
boundary Bézier point can immediately be computed by just rearranging (RC) to

bj =
b

a+ b
pj +

a

a+ b
qj , (5.4)

i. e. by an affine combination of the two adjacent interior Bézier points (Fig. 5.5a).
In the former case, the position of a corner Bézier point b corresponding to a

regular node is computed by bilinear interpolation from the four diagonally sur-
rounding interior Bézier points x, y, z, w (see Fig. 5.5b) by weighting each point
with the widths of its two opposing quad strips, i. e.

b =
bd · x + ad · y + bc · z + ac ·w

(a+ b)(c+ d)
. (5.5)

It is easily verified that Bézier points constructed according to Eqs. (5.4)
and (5.5) conform to constraint (RC). For patches that only border to regular
arcs, the two above rules imply a simple construction scheme: We can arbitrarily
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(a) (b)
Figure 5.6: Circular re-labeling of the Bézier points and strip widths involved in an ir-
regular G1 joint. The names used in Section 5.4 (a) are replaced by a unique set of new
labels (b).

choose the positions of the four interior points of each Bézier grid. The remaining
boundary and corner Bézier points are entirely determined by affine combinations
of the former. Hence, this scheme allows for four degrees of freedom per regular
Bézier patch.

5.5.2 Irregular G1 Joints

Irregular G1 joints arise only across the arcs incident to an irregular node. Since
the continuity conditions for each arc involve three rows of Bézier grid points,
the constraints interlock around the central node and hence cannot be considered
independently of each other. Hence, we regard the construction of the Bézier grids
of the patches surrounding an irregular node as a single, unified problem.

Consider the following setup: Given an irregular node v of valence n ≥ 3, we
identify the n outgoing arcs by e0, . . . , en−1 in counterclockwise order. For the
Bézier points, we adopt the following unique labeling (see Fig. 5.6): The common
center Bézier point is called o. For each arc ej , the subsequent Bézier points
along the corresponding grid boundary are denoted by aj , bj , cj . The interior
Bézier points diagonally adjacent to o (often also referred to as twist points or
twist coefficients) are called dj , and the following Bézier points on the same row
are labeled ej and fj . For the Bézier points opposite to ej and fj , we use the labels
gj and hj . In addition, we denote the strip widths of the n quad strips passing by
the central node v by a0, . . . , an−1 where aj indicates the strip width of strip ej . In
the following, we adopt the convention that all indices are understood to be taken
modulo n, e. g. an = a0, or a−1 = an−1, etc. In our new labeling scheme, the
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Figure 5.7: Incremental construction of Bézier points around an irregular node. In each
step, new free control points (hollow red dots) are introduced, determining the positions
of the dependent Bézier points (solid black dots).

conditions (IC1) to (IC5) translate to

2Cn
aj

(aj−o) = 1
aj−1

(aj−1−o)− 1
aj+1

(o−aj+1) , (IC1)
4Cn
aj

(bj−aj) = 1
aj−1

(aj−1−o + 3dj−1−3aj)

− 1
aj+1

(o−aj+1 + 3aj−3dj) ,
(IC2)

2Cn
aj

(cj−bj) = 1
aj−1

(3dj−1−3aj + 3gj−3bj)

− 1
aj+1

(3aj−3dj + 3bj−3ej) ,
(IC3)

0 = 1
aj−1

(3gj−3bj + hj−cj)− 1
aj+1

(3bj−3ej + cj−fj) , (IC4)

0 = 1
aj−1

(hj−cj)− 1
aj+1

(cj−fj) . (IC5)

As above, we now derive a series of rules to construct the Bézier network
around the irregular node from affine combinations of a set of free control points.
The construction proceeds in three major steps, working its way outwards from the
center node towards the Bézier points on the outermost ring. Before we delve into
the detailed derivation of the construction steps, we give a brief rundown: First,
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the central point o is chosen and the adjacent ring of boundary points aj are deter-
mined based on the shape of an ellipsoid given by two additional control points âC

and âS (Fig. 5.7a). Next, the twist points dj are chosen. Together with o and the
aj , the dj completely determine the positions of the remaining sets of boundary
Bézier points bj and cj (Fig. 5.7b). Finally, the remaining tangent Bézier points
ej , fj can be chosen for each arc, which fixes the corresponding opposite tangent
points gj , hj (Fig. 5.7c). After these constructions, all Bézier points involved in
the G1 joints across irregular arcs have been placed. The remaining parts of the
Bézier network can then be filled in by regular G1 joints (Fig. 5.7d), as described
in the previous section.

Center Point

As a first step, we choose a position for the center point o, which represents our
first degree of freedom. Since all subsequent points are constructed relative to the
center point, changing o just results in a translation of the entire configuration.
Hence, without loss of generality, we assume o = 0 in the following to simplify
some calculations.

First Ring

Next, we need to determine the positions for the first ring of boundary Bézier
points a0, . . . , an−1 around o. In particular, we want to find all points a0, . . . , an−1

that fulfill constraint (IC1), which can be rearranged to

2Cn
aj

aj = 1
aj−1

aj−1 + 1
aj+1

aj+1

and, by substituting 1
aj
aj = âj ,

2Cn · âj = âj−1 + âj+1 . (5.6)

By gathering all points âj in a vector â = (â0, . . . , ân−1)T, we can represent
Eq. (5.6) by a matrix-vector product

2Cn · â =


0 1 1
1 0 1

1 0 1
. . . . . . . . .

1 1 0

 â = C · â (5.7)

where C ∈ Rn×n. Note how Eq. (5.7) takes the form of an eigenvector problem:
All feasible solutions â are eigenvectors of C to the eigenvalue 2Cn. To find the
eigenvectors, we exploit the fact that C is a circulant matrix, i. e. that all rows
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of C are subsequent cyclic permutations of the first row. For circulant matrices,
eigenvalues and eigenvectors have well-known closed-form expressions [Gra06],
based on the entries c0, . . . , cn−1 of the first row. In general, C has the eigenvalues
and corresponding eigenvectors

λj =
n−1∑
k=0

ck · ωkj and vj =
(
ω0
j , ω

1
j , . . . , ω

n−1
j

)T
for j ∈ {0, . . . , n− 1} with

ωkj = e
2πijk
n = cos

2πjk

n
+ i sin

2πjk

n
.

In our case, we have c1 = cn−1 = 1 and ck = 0 for all other indices. Hence, C
has the eigenvalues λj = ω1

j + ωn−1
j . In particular, for j = 1, we get

λ1 = ω1
1 + ωn−1

1

= e
2πi
n + e

2πi(n−1)
n

= e
2πi
n + e−

2πi
n

= cos
2π

n
+ i sin

2π

n
+ cos

2π

n
− i sin

2π

n

= 2 cos
2π

n
= 2Cn ,

thus λ1 is the eigenvalue we are interested in. The corresponding complex-valued
eigenvector v1 ∈ Cn is given by the coefficients

v
[k]
1 = cos

2πk

n
+ i sin

2πk

n

where the superscript [k] indicates the k-th coefficient of v1. If v1 is an eigenvector
of C for λ1, then so is each linear combination of <(v1) and =(v1) [HR03].
Hence, the two-dimensional eigenspace of C for the eigenvalue λ1 = 2Cn is
spanned by the two real-valued eigenvectors vC,vS ∈ Rn, given by

v
[k]
C = cos

2πk

n
and v

[k]
S = sin

2πk

n
.

Therefore, if we choose two control points âC, âS ∈ A and use them as linear
weights for vC and vS, we get a solution for Eq. (5.7):

C · (âC · vC + âS · vS) = 2Cn · (âC · vC + âS · vS) ,
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(a)

â0

â1â2

â3

â4

âC

âS

(b)

a0

a1
a2

a3

a4

âC

âS

(c)

Figure 5.8: A regular polygon inscribed in the unit circle (a) is mapped to an affine
regular polygon determined by two control points âC and âS (b). A concentric scaling of
individual vertices yields the final points a0, . . . ,an−1 (c).

implying
â = âC · vC + âS · vS

or, for each individual element of â,

âj = cos

(
2πj

n

)
âC + sin

(
2πj

n

)
âS . (5.8)

Note the geometric interpretation of Eq. (5.8): The points âj correspond to the
image of a regular polygon inscribed in the unit circle after a linear transformation
(see Figs. 5.8a and 5.8b). Such objects, known as affine regular polygons, and
their connection with circulant matrices are well understood [BGS65; Cox92].

We now undo our previous substitution âj = 1
aj
aj , resulting in

aj = aj cos

(
2πj

n

)
âC + aj sin

(
2πj

n

)
âS . (5.9)

which corresponds to a concentric scaling of the individual corners of the affine
regular polygon by independent scale factors aj (Fig. 5.8c). With Eq. (5.9), we
can construct all Bézier points aj of the innermost ring from just the two control
points âC, âS, i. e. two degrees of freedom.

As linear combinations of two points, the positions aj all lie in a common
plane around the center vertex o. Since the tangent directions at the Bézier patch
corners are given by aj −o, all tangent vectors are coplanar as well and hence the
spline surface has a consistent tangent plane at the center node.

Second Ring

Next, we construct the twist points, i. e. the Bézier points dj diagonally adjacent to
the previously derived points aj , in a way that fulfills the second constraint (IC2).
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Since by our previous construction of aj , constraint (IC1) now holds, we can
substitute (IC1) into (IC2) and obtain, after some rearranging,

1
aj−1

dj−1 + 1
aj+1

dj =
(

1
aj−1

+ 1
aj+1
− 2

3
Cn
aj

)
aj + 4

3
Cn
aj
bj . (5.10)

Multiplying both sides with 1
aj

gives

1
aj−1aj

dj−1 + 1
ajaj+1

dj =
(

1
aj−1aj

+ 1
ajaj+1

− 2
3
Cn
a2j

)
aj + 4

3
Cn
a2j
bj

where we substitute d̂j = 1
ajaj+1

dj and the entire right-hand side by rj , allowing
us to simplify to

d̂j−1 + d̂j = rj . (5.11)

By gathering the individual terms into column vectors d̂ = (d̂0, . . . , d̂n−1)T and
r = (r0, . . . , rn−1)T, we can express the system of equations (5.11) by a matrix-
vector product 

1 1
1 1

1 1
. . . . . .

1 1

 ·
 d̂0

...
d̂n−1

 = D · d̂ = r

where D ∈ Rn×n is again a circulant matrix. Now, somewhat surprisingly, it turns
out that the matrix D is only invertible if n is odd. For an even valence n of the
irregular node, it is possible to form the last row of D by summing up the first
n − 1 rows with alternating signs, hence rankD = n − 1 6= n and thus D is
singular. For a fixed right-hand side r, it is then impossible in general to find a
solution for d̂. This famous problem, known as the vertex enclosure problem, N -
vertex problem or parity phenomenon is a major difficulty for spline constructions
that aim to smoothly fill in surfaces between a prescribed network of boundary
curves [Wij86] (see also [HL96] for a more thorough analysis).

Luckily, in our case, the boundary curves are not fixed yet: The terms rj
depend on aj and bj and while we did already fix all aj in the previous step,
the bj are still free to choose. Hence, we can avoid the dreaded vertex enclosure
problem by working the other way around: Instead of trying to find d̂j consistent
with some prescribed rj , we go ahead and choose d̂j arbitrarily and then compute
suitable rj accordingly.

Going back to Eq. (5.10), we isolate bj , resulting in

bj = 3
4

aj
Cn

(
1

aj−1
dj−1 + 1

aj+1
dj

)
−
(

3
4

aj
Cn

(
1

aj−1
+ 1

aj+1

)
− 1

2

)
aj (5.12)
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which yields the following construction rules: Choose the positions of the twist
points d0, . . . ,dn−1 freely (n degrees of freedom). Then, compute the positions
of b0, . . . ,bn−1 according to Eq. (5.12). Together, the constructed points fulfill
condition (IC2).

Third Ring

The remaining constraints (IC3), (IC4), (IC5) govern the placement of the outer-
most Bézier points cj , ej , fj , gj , and hj . The right-hand sides of the three con-
straints stem from the coefficients of a quartic Bézier curve after degree raising
and hence contain some redundant terms. To resolve this redundancy, we first use
constraint (IC5) to eliminate the coefficients cj , fj , and hj from constraint (IC4)
such that only terms in bj , ej , and gj remain. Next, we use the newly reduced
constraint (IC4) to eliminate the former three terms from the right-hand side of
(IC3) where the remaining coefficients are aj , dj−1, and dj . Together, the re-
duced constraints read

2
3
Cn
aj

(cj − bj) = 1
aj−1

(dj−1 − aj)− 1
aj+1

(aj − dj) , (RIC3)

0 = 1
aj−1

(gj − bj)− 1
aj+1

(bj − ej) , (RIC4)

0 = 1
aj−1

(hj − cj)− 1
aj+1

(cj − fj) . (RIC5)

Having already fixed aj , bj , dj−1, and dj , we can now easily compute cj from
constraint (RIC3). After that, all n boundary curves, each given by the Bézier
points o, aj , bj , cj are fully determined. The remaining coefficients govern the
cross-boundary tangents around bj and cj: ej and gj are the opposite Bézier
points on either side of bj and are related by constraint (RIC4). Similarly, (RIC5)
constrains the tangent points fj and hj around cj . Note how (RIC4) and (RIC5)
take the form of regular G1 joints, which is desired: cj is the corner point asso-
ciated with a regular node adjacent to the center node v across the arc ej . The
constraints (RIC4) and (RIC5) are thus consistent with the regular Bézier point
construction (as given in Section 5.5.1) around cj . This consistency is a direct
result of our careful choice of the connection functions γ (see Section 5.4) which
let the influence of the versal boundary derivatives vanish at the outer nodes.

To complete our G1 construction, we choose arbitrary positions for the tan-
gent Bézier points ej and fj . Then, we use (RIC4) and (RIC5) to determine the
opposite points gj and hj accordingly. After that, the regular G1 configuration at
the opposite corner is fully determined by the four points bj , cj , ej , fj . Hence, by
choosing gj and hj , we steal two degrees of freedom from each pair of opposite
Bézier patches.

This concludes our derivation of explicit construction rules for the Bézier
points around an irregular node. Note how we have only considered the boundary



5.5. Explicit Solution 55

and tangent Bézier points along the n irregular arcs. For each bicubic patch, there
remain four points in the diagonally opposite corner of the irregular node which
are entirely independent of our previous constructions. These remaining points are
involved in regular G1 corner constraints and hence contribute one more degree
of freedom per patch.

5.5.3 Degrees of Freedom
To reveal the total degrees of freedom of our bicubic G1 spline surface construc-
tion, let us recap the construction rules derived in Sections 5.5.1 and 5.5.2.

At each regular layout node, four Bézier patches meet at the intersection of
two regular G1 joints, allowing the free placement of the four twist Bézier points
of the adjacent patches. Thus, we have four degrees of freedom per regular node.

For irregular layout nodes, we derived the following free variables: First, the
position of the center node may be arbitrarily chosen. Two additional control
points determine the orientation and shape of the inner ring of Bézier points on
the boundary. Then, all twist Bézier points around the center node can be chosen
individually. Assuming a valence n of the central node, this implies 3 +n degrees
of freedom for the placement of the interior nodes. However, our construction
carries over some constraints into the vicinity of the surrounding nodes: While the
surrounding regular nodes would normally each have four degrees of freedom, the
G1 conditions for the irregular arcs introduce additional constraints, eliminating
two degrees of freedom of each opposite node. In total, this brings down the
degrees of freedom per irregular node to 3− n.

Thus, in general, for a patch mesh with regular vertices VPR and irregular
vertices VPI, the total number of degrees of freedom is given by

4 · |VPR|+
∑
v∈VPI

(3− val v)

where val v denotes the valence of vertex v.
The construction rules derived in this section have shown that the G1 continu-

ity constraints proposed in Sections 5.3 and 5.4 indeed have non-trivial solutions,
i. e. can be fulfilled by non-degenerate spline surfaces. The free variables of this
construction, a set of control points, determine the positions of all Bézier points
of the individual patches. If the chosen G1 aspect ratios are fixed, all Bézier point
construction rules reduce to linear combinations of the control points. In that case,
this spline model is suitable for a linear least-squares fitting approach such as the
one described in Chapter 4.
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Chapter 6

Surface Smoothing

In order to suppress oscillations in the fitted spline surface, it is common to intro-
duce an additional fairness energy term that penalizes patches with strong curva-
ture. We adopt the popular thin plate energy for this purpose. For tensor product
Bézier surfaces, this energy can be analytically discretized into a quadratic func-
tion of the Bézier points and thus lends itself to numerical optimization.

Furthermore, we show that the thin plate energy for Bézier patches in its usual
parametric form is not suitable for smoothing spline surfaces with non-uniform
patch sizes. As a possible remedy, we propose a simple modification based on a
scale heuristic obtained from the input mesh that retains the quadratic form of the
fairness energy.

6.1 Thin Plate Energy

The thin plate energy (TPE) for a tensor product Bézier surface b(u, v) is ob-
tained by integrating the squared magnitudes of the (mixed) second-order partial
derivatives over the parameter domain [0, 1]2, i. e. by

E =

1∫
0

1∫
0

‖buu(u, v)‖2
2 + 2 ‖buv(u, v)‖2

2 + ‖bvv(u, v)‖2
2 du dv .

If b is a Bézier surface of degree (n, n), the partial derivatives buu, buv and bvv

are again Bézier surfaces of reduced degrees (n−2, n), (n−1, n−1) and (n, n−2),
respectively (recall Eq. (2.9) from Section 2.2.3), whose Bézier points derive from
iterated forward differences on the Bézier grid of b. Notably, the resulting grid
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(a) (b) (c) (d)

Figure 6.1: Control point conditions for zero-TPE Bézier surfaces. (a): Evenly-spaced
collinear grid rows. (b): Parallelogram-shaped grid cells. (c): Evenly-spaced collinear
grid columns. (d): All conditions combined.

points are given by vectors proportional to

buu,i,j = ∆20bi,j = bi,j − 2bi+1,j + bi+2,j , (6.1)
buv,i,j = ∆11bi,j = bi,j − bi+1,j − bi,j+1 + bi+1,j+1 , (6.2)
bvv,i,j = ∆02bi,j = bi,j − 2bi,j+1 + bi,j+2 . (6.3)

Note how E = 0 if and only if buu(u, v) = buv(u, v) = bvv(u, v) = 0 for
all parameters (u, v) ∈ [0, 1]2. Since buu, buv and bvv are Bézier surfaces, this
can only be the case if all their Bézier points are also zero. Hence, by setting
Eqs. (6.1) to (6.3) to zero, we obtain Bézier point conditions for Bézier surfaces
with minimal TPE:

bi+1,j = 1
2

(bi,j + bi+2,j) , (6.4)
bi+1,j − bi,j = bi+1,j+1 − bi,j+1 , (6.5)

bi,j+1 = 1
2

(bi,j + bi,j+2) . (6.6)

These conditions have quite obvious geometric interpretations which reveal the
properties Bézier surfaces assume when exposed to significant TPE smoothing:
Equation (6.4) states that for each triplet of successive points bi,j , bi+1,j , bi+2,j in
a row of the Bézier grid of b, the point bi+1,j in the middle must lie in the center of
gravity of the two adjacent points bi,j , bi+2,j (Fig. 6.1a). Over the entire grid, this
condition causes each row to only consist of collinear, equidistantly spaced Bézier
points. Equation (6.6) expresses the same notion for columns of the Bézier grid
(Fig. 6.1c). The remaining Eq. (6.5) relates the four Bézier points surrounding
each grid cell by posing that the bottom edge connecting bi,j and bi+1,j must
be parallel and of the same length as the top edge between bi,j+1 and bi+1,j+1

(Fig. 6.1b), hence enforcing that each grid cell is a parallelogram.
In conjunction, Eqs. (6.4) to (6.6) restrict the entire Bézier grid of b to the

affine image of a uniform regular grid pattern (see Fig. 6.1d), consisting only of
parallel, evenly spaced grid rows and columns. Hence, optimizing the shape of a
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Bézier patch by minimizing E converges towards a flat, uniformly parametrized
surface which is free of twisting and tapering.

In order to evaluate E, integrals of the squared norms of the three second
derivative surfaces must be computed. As it turns out, for each derivative surface,
the integral reduces to a quadratic function in the Bézier points of b. If we take b
to represent the column vector of all its Bézier points, the TPE can be written as

E = bTFuub + 2 · bTFuvb + bTFvvb

= bT (Fuu + 2Fuv + Fvv)b

= bTFb .

The derivation of the quadratic coefficients given by the matrices Fuu, Fuv and
Fvv is somewhat involved and can be found in Appendix A. The sum of the TPEs
of multiple Bézier patches can easily be converted into a similar quadratic form
by a suitable concatenation of the Bézier point vectors and coefficient matrices,
making it possible to evaluate the total TPE of a Bézier spline surface by a single
vector-matrix-vector product. By another simple transformation, the total TPE
can be expressed in terms of Surface Spline control points instead of individual
Bézier points.

As noted in Section 4.6, the least-squares fitting of spline surfaces already
involves the minimization of a quadratic fitting energy. Since the TPE is also
quadratic, it can be easily incorporated into the existing optimization problem:
By just adding a scaled contribution of the TPE to the fitting energy, a joint op-
timization of fitting and smoothness is achieved without affecting the problem
structure. This straightforward compatibility with least-squares optimization has
contributed to the broad popularity of the TPE in the context of spline surface
fitting.

6.2 Normalization
In its usual definition, the thin plate energy of a Bézier patch is defined by integrat-
ing the norms of second-order derivatives over the parameter domain [0, 1]2. As
stated in the previous section, this definition evaluates to a quadratic function in
terms of iterated forward differences on the Bézier grid. However, due to the fixed
domain of integration, thin plate energies measured among different patches with
non-uniform sizes are not comparable, as we will show in the following. This can
lead to a biased distribution of curvature when optimizing globally for minimum
fairness energy of a spline surface.

To motivate the problem, let us consider a simple example of a bicubic Bézier
surface b(u, v) which is only curved along its u parameter direction. The TPE
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(a) (b)

Figure 6.2: The thin plate energy for Bézier patches measures how far grid points deviate
from the centroid of their neighbors (a). By scaling the Bézier patch, the curvature of the
surface increases but the offset vectors remain unchanged (b).

generated by b hence depends on the magnitude of the second-order derivative
buu, which is in turn computed from iterated forward differences on the Bézier
grid. As discussed in the previous section, the relevant values are proportional to

∆20buu,0,j = b1,j −
1

2
(b0,j + b2,j) ,

which has the geometric interpretation of an offset vector pointing from the posi-
tion of the center grid point b1,j to the midpoint of the two adjacent grid points
b0,j , b2,j (see Fig. 6.2a). Now, suppose we keep b1,j stationary while moving
b0,j and b2,j towards the midpoint 1

2
(b0,j + b2,j). In doing so, the offset vector

∆20buu,0,j does not change, hence also buu(u, v) remains constant. However, as
the outer Bézier points move closer towards each other, the apex of the resulting
Bézier surface (Fig. 6.2b) gradually becomes pointier, i. e. increases in curvature.
Since the thin plate energy only depends on the magnitudes of the offset vectors,
it fails to represent this increase in surface curvature. As it turns out, the TPE fa-
vors large Bézier patches: For small patches, a given magnitude of offset vectors
produces a relatively high curvature. With the same offset vectors, a larger patch
bends only slightly but produces the same thin plate energy.

In the context of spline fitting, this result explains the susceptibility of the out-
put surface to small oscillations: Since small patches generate less energy when
bent, the total energy is best minimized by distributing the total curvature of the
spline surface primarily over the smaller patches.

In order to counteract this non-intuitive effect of the thin plate energy, we
propose a normalization of the energies of individual Bézier patches based on
their sizes. Since the actual patch sizes depend non-linearly on the Bézier points,
we instead opt for a simple constant heuristic: As each Bézier patch is optimized
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to approximate a given region of the input mesh, we measure the arc lengths of the
corresponding embedded quadrilaterals in the input mesh. Under the additional
assumption that Bézier patches are roughly rectangular, we can describe the shape
of each patch by two scalar sizes w and h, indicating width and height. Based on
these measurements, we offer the following scaling strategies for the discretized
thin plate energy:

• No scaling: This is the usual parametric thin plate energy without any cor-
rective scaling, i. e. the contribution of each patch is

E = bT (Fuu + 2Fuv + Fvv)b .

• Inverse size: By dividing the directional components of E by the patch
length in the corresponding direction, we increase the response of small
patches to strong curvature, thereby counteracting the bias in the parametric
thin plate energy. We use

E = bT

(
Fuu

w
+ 2

Fuv√
wh

+
Fvv

h

)
b .

• Inverse squared size: In some cases, it can be beneficial to overcompensate
the thin plate energy scaling, thereby intentionally biasing the curvature
distribution towards larger patches. For this purpose, we propose the scaling
given by

E = bT

(
Fuu

w2
+ 2

Fuv

wh
+

Fvv

h2

)
b .

Based on the shape of the input object and the provided quad layout embedding,
different scaling schemes might be suitable. Hence, we leave this choice to the
user as a design parameter. In Section 7.4, we compare the effects of different
scaling strategies in a practical approximation setting.
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Chapter 7

Results

In the following, we present experimental results from our spline fitting frame-
work. We compare the approximation error achieved by different spline models
and sampling strategies and showcase the effects of different choices of fairness
energies. We conclude this chapter with performance measurements and a discus-
sion of interesting failure cases of our algorithm.

7.1 Approximation Error
In this section, we focus on the quantitative evaluation of the approximation qual-
ity achieved by spline surfaces. For this purpose, we employ the following dis-
tance measures: Given an input surface I ⊂ A and a spline surface S ⊂ A

approximating I , we define the maximum distance by

dmax(I, S) = max
xI∈I

min
xS∈S
{d(xI ,xS)} ,

i. e. the directed Hausdorff distance from I to S. Our distance metric d is the
Euclidean distance. Since dmax only captures the greatest deviation from I to S,
we also use the more descriptive quadratic mean distance or root mean square
distance

drms(I, S) =

√√√√ ∫
xI∈I

min
xS∈S
{d(xI ,xS)}2 dA

which is closer to an average distance but still penalizes strong outliers.
In order to avoid inconsistencies due to different input object sizes, we give all

distance measurements as percentages of the length of the bounding box diagonal
of the respective input mesh.

Table 7.1 gives an overview of different measurements for G1 Bézier spline
approximations of a variety of input meshes (shown in Fig. 7.1). We indicate
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Figure 7.1: Input meshes (with embedded quad layouts, red) and fitted spline surfaces for
a variety of models (Bézier patch boundaries shown in black). For mesasurements, see
Table 7.1.

the number of patches |FL| in the input layout and the number of Bézier patches
|FP | obtained after a refinement to a target arc length of αmax = 0.04 (i. e. 4 %
of the length of the bounding box diagonal). During fitting, we use a weight of
σ = 0.01 for the contribution of the fairness energy term Efair, which is evaluated
using the inverse patch size scaling strategy. For all fitted spline surfaces, we
measure drms and dmax. All quad layouts embedded in the input meshes have
been generated using the methods of Campen et al. [CBK12; CK14b]. A notable
outlier in our results is the maximum distance dmax measured for the ELK mesh.
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Table 7.1: Comparative measurements for G1 Bézier spline fitting on different input
meshes (see Fig. 7.1). Common parameters are αmax = 0.04, σ = 0.01, using inverse
size scaling and 4 fitting iterations.

|FL| |FP | drms dmax tin tsmp tsol t
BLOCK 76 1644 0.033 % 0.296 % 0.20 s 2.1 s 12.9 s 15.2 s
ELK 80 1309 0.099 % 2.022 % 0.10 s 1.5 s 10.3 s 11.9 s
FERTILITY 72 1455 0.035 % 0.440 % 0.25 s 1.9 s 11.6 s 13.7 s
ROCKERARM 115 1602 0.048 % 0.518 % 0.69 s 5.3 s 13.1 s 19.1 s
TETRATHING 12 1710 0.023 % 0.210 % 0.54 s 3.4 s 12.9 s 16.8 s
TORUS 32 672 0.022 % 0.091 % 0.02 s 0.7 s 4.9 s 5.6 s
TRIHOLE 20 824 0.023 % 0.148 % 0.37 s 2.6 s 6.2 s 9.2 s

The relatively high approximation error is due to the shape of the ELK’s antlers:
Since the rim of the narrow antler plate has a comparably strong curvature, it is
subject to significant smoothing and hence suffers some shrinkage.

We also evaluate the effectiveness of our non-symmetric G1 Bézier spline
model against a comparable symmetric spline model. To do so, we repeatedly
run the spline fitting algorithm on the same input mesh while varying the target
arc length parameter αmax, leading to different refinements of the input layout.
As αmax decreases, the number of Bézier patches |FP | increases and the patch
sizes approach uniformity. For each refined patch layout, we fit two spline sur-
faces: For the first surface, we use the G1 Bézier spline model as described in
Chapter 5 where we estimate the strip widths from arc length measurements on
the input mesh. For the second surface, we set all aspect ratios to 1, thereby en-
forcing C1 continuity across all regular joints. Results of this procedure for the
ROCKERARM and TRIHOLE model are shown in Fig. 7.2: As expected, the ben-
efit of non-symmetric G1 Bézier splines over their symmetric C1 counterpart is
most pronounced for low refinement settings where non-uniform patch sizes are
common. At their peak, the non-symmetric constraints achieve a 20 % better RMS
approximation error than the symmetric construction for the ROCKERARM model
and roughly 40 % for the TRIHOLE model.

Finally, we are interested in the effectiveness of our choice of quad layout gen-
eration algorithm. In order to draw a direct comparison with the results of Eck and
Hoppe, we reimplement their Surface Spline fitting procedure [EH96]. However,
instead of using their decimation-based layout generation technique, we use the
curvature-aligned embedded quad layouts generated by the Dual Loops meshing
approach [CBK12; CK14b] as base domain for the Surface Spline construction.
For the approximation of the TRIHOLE model, Eck and Hoppe achieve approxi-
mation errors of drms = 0.07 % and dmax = 0.59 % using a Surface Spline con-
sisting of 2848 Bézier patches (Eck and Hoppe count 178 B-Spline surfaces, each
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Figure 7.2: RMS approximation error (relative to bounding box diagonal) for different
refinement densities (i. e., number of Bézier patches |FP |) of the same input mesh, en-
forcing C1 (red) and G1 (blue) continuity in regular regions. The dotted line shows the
quotient of both graphs.

corresponding to 4 × 4 Bézier patches). For the same model, but using a quad
layout generated using Dual Loops meshing, we need significantly fewer Bézier
patches to achieve a better approximation error: Using just 710 Bézier patches, the
fitted Surface Spline has approximation errors drms = 0.04 % and dmax = 0.27 %
w. r. t. the input mesh.

7.2 Spline Model

Fig. 7.3 illustrates a typical failure case for C1 spline surfaces: For an input layout
where a ring of extremely narrow patches is situated between two rings of wide
patches (Fig. 7.3a), an approximating C1 surface produces undesirable foldovers
(Fig. 7.3b). These visual artifacts result from the collinearity condition for adja-
cent Bézier patch tangents (see our discussion in Section 4.8): In relation to their
size, the boundary tangent vectors of the outer two patches are relatively large.
The C1 condition enforces identical tangents on the inner, smaller patches, caus-
ing their shapes to overshoot their prescribed extents. The G1 construction, on the
other hand, allows for arbitrary tangent length ratios and can hence interpolate the
given layout accurately (Fig. 7.3c).

For the BLOCK model (Fig. 7.4a), we demonstrate the possibility to recon-
struct spline surfaces with sharp features such as creases or corners. In the ex-
tracted intermediate layout mesh, the user can mark selected edges as feature
edges (Fig. 7.4b). Across such edges, no tangent plane continuity constraints
are generated, allowing the formation of angled features (Fig. 7.4c).
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(a) (b) (c)

Figure 7.3: Approximating an input layout (a) with wildly varying patch sizes by a C1

cubic spline surface leads to foldover artifacts (b), which are remedied by our G1 spline
surface model (c).

7.3 Sampling Strategies

In Section 4.4, we gave two alternative forms of the fitting energy, implemented by
different sampling strategies: The parametric fitting energy Epfit which integrates
the approximation error over the parameter domain of the spline surface and the
uniform fitting energy Eufit which takes the integral over the surface of the input
mesh. For the sake of comparing the two alternatives, we run a similar procedure
as for the comparison of the C1 and G1 constraints: For the ROCKERARM and
BLOCK models, we measure the approximation error drms resulting from an op-
timization with either of the two energy functionals. As the results depicted in

(a) (b) (c)

Figure 7.4: For the BLOCK model (a), feature edges (purple) are marked in the layout
mesh (b). Feature edges enforce only C0 continuity between adjacent Bézier patches and
hence produce sharp creases in the spline surface (c).
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Figure 7.5: Comparison of the RMS fitting error drms resulting from the optimization of
different fitting functionals: Parametric fitting energy Epfit, uniform fitting energy Eufit.

Fig. 7.5 suggest, the choice of fitting energy makes next to no difference in terms
of approximation quality, even for coarse, non-uniform layout refinements.

For very small target edge lengths αmax (resulting in large numbers of Bézier
patches), we measure a drop in the relative approximation error of the parametric
energy Epfit. This, however, has a simple explanation: For the computation of
the uniform fitting energy Eufit, the number of samples used is independent of the
layout refinement and hence constant over all measurements. In contrast, for the
computation of the parametric fitting energy Epfit, a constant number of samples
is generated for each patch. Hence, the difference in approximation quality mea-
sured for large patch numbers is merely due to a denser, more accurate sampling
for Epfit.

7.4 Smoothness
We now turn to a comparison of different weighting schemes for the fairness en-
ergy (cf. Section 6.2). A suitable fairness energy should minimize the wrinkles
and oscillation artifacts of the least squares fitting while still preserving the shape
of small features that are present in the input object. We expect an optimal fitted
spline surface to strike a sensible balance between approximation error and overall
surface smoothness. It is difficult to find a quantifiable measure for this combined
objective. Hence, we resort to just a visual comparison of the effects of different
weighting schemes.

Figure 7.6 shows a detail of the ELK model which has been approximated by
a G1 Bézier spline surface. Without the addition of a fairness energy term, the
patches on the back side of the antler plate produce significant oscillation arti-
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(a) (b) (c) (d)

Figure 7.6: Oscillation artifacts on the back side of the ELK’s antlers. (a): No smoothing.
(b): Unmodified TPE. (c): TPE with inverse patch size scaling. (d): TPE with inverse
squared patch size scaling.

facts (Fig. 7.6a). Figures 7.6b to 7.6d show the same G1 surface optimized under
the addition of some fairness energy intended to suppress the unwanted wrinkles.
Different weighting strategies are used: For Fig. 7.6b, we use the unscaled para-
metric fitting energy. Figures 7.6c and 7.6d depict the results of using the inverse
size and inverse squared size weighting strategies, respectively. In all three cases,
the added smoothing causes a noticeable loss of detail in the spline surface, most
apparent in the spiky features in the center region of the antlers. At the same time,
the smoothing fails to completely eliminate the wrinkle artifacts: In Fig. 7.6b,
the outer ring of small Bézier patches still exhibits a visible crease. Moving on
to inverse size and inverse squared size weighting, the intensity of the remaining
artifacts gradually reduces (Figs. 7.6c and 7.6d).

7.5 Performance

Our algorithm executes in a matter of seconds for typical input models. As in-
dicated by our measurements in Table 7.1, all tested input meshes require a total
processing time t of less than 20 seconds. We also measure the time spent in dif-
ferent stages of the algorithm: tin indicates the time taken for the processing of the
input data including the extraction and refinement of the layout mesh. tsmp mea-
sures the time spent sampling the input mesh and spline surface for corresponding
points and tsol gives the time required to set up and solve the constrained linear
least squares system. Evidently, the total run time of the algorithm is dominated
by the solver (tsol) while the contribution of the input processing and refinement
(tin) is almost negligible.
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(a) (b) (c)

Figure 7.7: The the ELK model (a) is susceptible to foldover artifacts in the C1 spline ap-
proximation (b). Using G1 Bézier splines mitigates the issue somewhat but small surface
oscillations remain a problem (c).

7.6 Failure Cases

In practice, foldover artifacts arise for relatively low refinement densities in some
of our test meshes, such as ELK, where a narrow layout strip near the shoulder
provokes the issue (Fig. 7.7a). Using cubic C1 interpolation, the fitted spline sur-
face exhibits very unpleasant self-intersections (Fig. 7.7b). By using G1 splines,
the problem of foldovers is mitigated but some very noticeable oscillation artifacts
remain (Fig. 7.7c). In this case, there are two complicating factors that contribute
to this problem: Firstly, our G1 spline model rests on the assumption that quad
strips have an approximately uniform width. Judging from Fig. 7.7c, this assump-
tion is obviously violated: The quad strip passing left by the irregular layout node
on the ELK’s shoulder visibly narrows towards the bottom. Secondly, the quad
strip widths used for the aspect ratios of the G1 constraints are estimated by mea-
suring arc lengths of the quad layout embedded in the input mesh. However, there
is no guarantee that this heuristic choice of the strip widths leads to an optimal
approximating surface. Due to these circumstances, our G1 spline model fails to
accurately reflect the geometry of the patch configuration in its continuity con-
straints, hence resulting in a non-optimal approximation.

In such cases, we have two options to still achieve a more adequate approx-
imation: We can request a finer layout mesh refinement (by decreasing αmax),
resulting in more uniform patch sizes and more degrees of freedom, or we can
increase the influence σ of the fairness energy term Efair and try to smooth out
the small oscillations. Both remedies have their drawbacks: Refining the layout
increases the complexity of the output spline surface, hence reducing its degree of
abstraction. Stronger smoothing, on the other hand, runs the risk of suppressing
desired features at similar frequencies as the unwanted oscillations. In general,
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(a) (b) (c)

Figure 7.8: (a): Layout with an irregular node surrounded by non-coplanar arcs. The
Bézier networks (b) of the approximating spline surface becomes locally flat, causing
visible artifacts (c).

finding suitable refinement and smoothing parameters αmax and σ involves a lot
of guesswork and can be quite time-consuming.

Our derivation of construction rules for G1 Bézier splines in Section 5.5 has
shown that for irregular G1 joints, the choice of some control points has non-local
influence and can affect adjacent patches. Due to this, there are certain input
configurations that exceed the flexibility of a bicubic Bézier spline model and
hence cannot be effectively approximated, as has also been noted by [GZ94]. An
example for such a problematic configuration is shown in Fig. 7.8a: At the central
common node of the three visible cube elements, a 6-valent irregular node arises.
Note how the six incident arcs correspond to alternatingly convex and concave
edges of the model and do not lie in a common plane. Since the G1 spline model
enforces a consistent tangent plane everywhere, the region around the irregular
node is approximated by a diagonal regression plane, determining the tangent
Bézier points aj which alternatingly lie above or below their corresponding arcs
(Fig. 7.8b). Due to the symmetry of the input configuration, the twist Bézier
points dj are placed diagonally in between the aj , lying in the same tangent plane.
Together with the center node, the aj and dj completely determine the positions
of all boundary Bézier points on the six irregular arcs. Since the aj and dj are
coplanar, so are all affine combinations of them, hence all Bézier patch boundaries
around the irregular node are straight lines. Even worse, due to the continuity
constraints at opposite patch corners, the coplanarity propagates even further into
the tangent Bézier points of the subsequent Bézier patches.

The coplanar configuration is visible in the resulting spline surface (Fig. 7.8c)
as a roughly hexagonal, locally flat region protruding from the surface around
the irregular node. Although the situation in Fig. 7.8 shows a rather contrived
example, somewhat more moderate instances of the same problem occur in prac-
tice. Generally, irregular nodes located at non-simple saddle points (e. g. monkey
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saddles) of the input surface suffer from the insufficient flexibility of the spline
model. An example are the 6-valent interior nodes of the TETRATHING model,
which tend to introduce excessively flat regions to the spline surface at low refine-
ment levels.
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Future Work

To further improve the quality of the spline approximation, we propose several di-
rections for future research, mainly focusing on improvements of the optimization
strategy and the capabilities of the spline model.

Adaptive Refinement

Our spline fitting algorithm uses a global target arc length to control the granular-
ity of the layout mesh refinement and hence the number of patches. As an alter-
native approach, an iterative adaptive refinement strategy could be used: Starting
with a very coarse initial patch mesh, the algorithm would repeatedly refine layout
regions with high local approximation error until a desired error upper bound is
satisfied. We expect our G1 Bézier splines to be especially suitable for such local
refinement schemes as the generated quad layouts are expected to exhibit strongly
varying patch sizes.

Surface Optimization

Our experiments have shown that the heuristic of measuring G1 aspect ratios on
the input mesh is generally acceptable and leads to improved results in compar-
ison to fixed C1 aspect ratios. However, it is not yet clear whether this heuristic
taps the full potential of the G1 Bézier spline model. Likely, even better surface
approximations could be achieved if we optimized the control points and the as-
pect ratios of the spline surface simultaneously. In such a simultaneous optimiza-
tion setting, the previously quadratic objective function would become quartic and
non-convex, hence complicating an efficient numerical solution.

An obvious problem in the current approximation setting are artifacts of the
least-squares fitting which manifest themselves as visible oscillations in the output
surface. Here, we see two possible solutions: While the default thin plate energy
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applies a global smoothing by forcing all surface curvatures towards zero, it might
prove more effective to measure curvature on the input surface and optimize the
curvature of the spline to locally match the measured data. The second, more
radical alternative is to abandon the least-squares fitting altogether and move on
to a non-linear optimization setting instead.

Spline Model

The aspect ratios used for the G1 conditions in our G1 Bézier spline model are
derived from the assumption that strip widths in the embedded quad layout have
approximately uniform widths. However, for many input meshes, especially those
with quite complex geometry, the arising quad layouts have strips whose thickness
varies across the mesh, hence violating our assumption. In such cases, the addi-
tional flexibility offered by G1 Bézier splines is severely restricted.

To overcome such restrictions, the assumption of uniform quad strip width
needs to be abandoned. We suspect that a more granular control over the G1

aspect ratios might be beneficial. It is however not obvious how additional degrees
of freedom for the choice of G1 aspect ratios should be introduced.

A distinctive advantage of Surface Splines is their capacity for intuitive editing
of the resulting spline surface by manipulating control points. In contrast, manual
editing of a G1 Bézier spline surface is currently not viable: Some of the free
control points of the model exert non-local influence in highly unpredictable ways.
In order to make G1 Bézier splines more suitable for interactive manipulation,
the model must be brought to an alternative form using different control points,
preferably such that all remaining Bézier points can be derived only from convex
combinations.

When spline surfaces are used to model objects with shiny or reflective surface
materials (e. g. car bodies), G1 continuity typically no longer suffices: Since spec-
ular highlights depend on the surface normals which, in turn, depend on first-order
derivatives, the intensity of visible highlights will vary with only G0 continuity
across the surface. For our spline surfaces, this leads to noticeable artifacts in
the specular highlights resembling bilinear interpolation. The only way to avoid
such defects is to move on to higher orders of Gr continuity of the spline sur-
face. Since already for Surface Splines, the step from C1 to C2 continuity comes
with a significant increase in complexity, we expect the derivation of a G2 Bézier
spline model to become similarly involved. However, for our spline model to have
practical merit, this move is unavoidable.



Chapter 9

Conclusion

In this report, we have outlined a general framework for the evaluation of spline
surface fitting methods. Our experimental results have shown that the results of
conventional spline reconstruction methods can be significantly improved by us-
ing state-of-the-art high-quality quad layouts.

Our novel G1 Bézier spline model, generalizing Surface Splines, allows for
non-symmetric continuity constraints between patches. In an analysis of our
spline model, we reveal its degrees of freedom and derive explicit construction
rules in terms of affine combinations of control points. In our experiments, the
G1 Bézier splines achieve a further increase in approximation quality and visual
fidelity over comparable C1 constructions, especially for quad layouts with non-
uniformly sized patches. We envision a variety of future research opportunities re-
lated toG1 Bézier splines e. g. regarding the simultaneous non-linear optimization
of aspect ratios and control points, a restricted formulation using fewer degrees of
freedom more similar to Surface Splines or a generalization to higher orders of
Gr continuity.

Unwanted oscillations in the reconstructed spline surfaces remain a major
problem. We have discussed a variety of smoothing strategies to mitigate such
artifacts. However, none of these strategies have ultimately proven suitable to sup-
press oscillations without eliminating desired features due to excessive smoothing.
For a fully automatic spline reconstruction pipeline, more sophisticated feature-
aware smoothing techniques need to be developed.
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Appendix A

Thin Plate Energy Discretization

Consider a single tensor product Bézier surface b : [0, 1]2 → A of degree (n, n).
The parametric thin plate energy for b is given by

E =

1∫
0

1∫
0

‖buu(u, v)‖2
2 + 2 ‖buv(u, v)‖2

2 + ‖bvv(u, v)‖2
2 du dv (A.1)

where buu, buv, bvv indicate the (mixed) second-order partial derivatives of b
w. r. t. the parameters u and v. We can split the integral in Eq. (A.1) into three
terms

E = Euu + 2 · Euv + Evv

with

Euu =

1∫
0

1∫
0

‖buu(u, v)‖2
2 du dv (A.2)

etc. Since the terms Euu, Euv, Evv are quite similar, we focus our attention in the
following on the derivation of Euu. If we assume that the vector space V under-
lying our affine space A is represented by a D-dimensional cartesian coordinate
space RD, the squared norm of a vector v ∈ V just evaluates to a sum of squares:

‖v‖2
2 =

D∑
d=1

(
v[d]
)2

,

allowing us to split the integral in Eq. (A.2) again into D real-valued terms which
can be integrated independently. Hence, in the following, we pretend b just con-
sists of a single real-valued component, simplifying Eq. (A.2) to

Euu =

1∫
0

1∫
0

buu(u, v)2 du dv .
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We can now expand the partial derivatives of the Bézier surface:
1∫

0

1∫
0

(
∂2

∂u2

n∑
i=0

n∑
j=0

Bn
i (u)Bn

j (v)bij

)2

du dv

=

1∫
0

1∫
0

(
n(n− 1)

∂2

∂u2

n−2∑
i=0

n∑
j=0

Bn−2
i (u)Bn

j (v)∆20bij

)2

du dv

where the ∆20 denote forward differences on the Bézier grid. Multiplying out the
squared term yields

n2(n− 1)2

1∫
0

1∫
0

n−2∑
i,k=0

n∑
j,l=0

Bn−2
i (u)Bn

j (v)Bn−2
k (u)Bn

l (v)∆20bij∆
20bkl du dv

= n2(n− 1)2

n−2∑
i,k=0

n∑
j,l=0

∆20bij∆
20bkl

1∫
0

1∫
0

Bn−2
i (u)Bn

j (v)Bn−2
k (u)Bn

l (v) du dv

= n2(n− 1)2

n−2∑
i,k=0

n∑
j,l=0

∆20bij∆
20bkl

1∫
0

Bn−2
i (u)Bn−2

k (u) du

1∫
0

Bn
j (v)Bn

l (v) dv

= n2(n− 1)2

n−2∑
i,k=0

n∑
j,l=0

∆20bij∆
20bkl · Bn−2

i,k · B
n
j,l .

Note how we have shortened the separated integral factors to Bn−2
i,k and Bnj,l which

have the same general form

Bni,j =

1∫
0

Bn
i (t)Bn

j (t) dt

=

1∫
0

(
n

i

)
ti(1− t)n−i

(
n

j

)
tj(1− t)n−j

=

(
n

i

)(
n

j

) 1∫
0

ti+j(1− t)2n−i−j . (A.3)

As observed by [FR88], the integral in Eq. (A.3) turns out to be an instance of the
Euler beta function

β(x, y) =

1∫
0

tx−1(1− t)y−1 dt
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with arguments x = i + j + 1 and y = 2n − i − j + 1. The Euler beta function
has the known closed-form solution

β(x, y) =
(x− 1)! (y − 1)!

(x+ y − 1)!
.

Substituting back into Eq. (A.3) yields

Bni,j =

(
n

i

)(
n

j

)
β(i+ j + 1, 2n− i− j + 1)

=

(
n

i

)(
n

j

)
(i+ j)! (2n− i− j)!

(2n+ 1)!

=

(
n

i

)(
n

j

)
(i+ j)! (2n− i− j)!

(2n+ 1)!

1(
2n
i+j

) (2n)!

(i+ j)! (2n− i− j)!

=

(
n

i

)(
n

j

)
1

2n+ 1

1(
2n
i+j

)
=

1

2n+ 1

(
n
i

)(
n
j

)(
2n
i+j

) .

Using this, we can discretize the thin plate energy as

n2(n− 1)2

n−2∑
i,k=0

n∑
j,l=0

∆20bij∆
20bkl · Bn−2

i,k · B
n
j,l

= n2(n− 1)2

n−2∑
i,k=0

n∑
j,l=0

∆20bij∆
20bkl

1

2n− 3

(
n−2
i

)(
n−2
k

)(
2n−4
i+k

) 1

2n+ 1

(
n
j

)(
n
l

)(
2n
j+l

)
=

n−2∑
i,k=0

n∑
j,l=0

F ijkl
uu ∆20bij∆

20bkl (A.4)

with

F ijkl
uu =

n2(n− 1)2

(2n− 3)(2n+ 1)

(
n−2
i

)(
n−2
k

)(
2n−4
i+k

) (
n
j

)(
n
l

)(
2n
j+l

) . (A.5)

We now change the indexing scheme on the Bézier grid from using index pairs
(i, j), (k, l) to single indices p, q, i. e. bp = bi,j and bq = bk,l, simplifying
Eq. (A.4) to ∑

p

∑
q

F pq
uu∆20bp∆

20bq (A.6)

Since the iterated forward differences ∆20bp, ∆20bq are linear combinations of
the grid points, each can be represented by a dot product

∆20bp = dT
pb (A.7)
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where dT
p is a row vector containing the coefficients that contribute to ∆20bp and

b is a column vector containing all Bézier points of the patch. Inserting Eq. (A.7)
into Eq. (A.6), we obtain

Euu =
∑
p

∑
q

F pq
uud

T
pbd

T
q b

=
∑
p

∑
q

F pq
uub

Tdpd
T
q b

= bT

(∑
p

∑
q

F pq
uudpd

T
q

)
b

= bTFuub

which is a quadratic expression in b, determined by the matrix Fuu whose coeffi-
cients are computed from the terms F pq

uu as given by Eq. (A.5) and from the outer
products dpd

T
q of the forward difference vectors. Since all factors F pq

uu are non-
negative and symmetric (i. e. F pq

uu = F qp
uu), Fuu is a symmetric positive semidefi-

nite matrix.
Analogously to the above derivations, the other mixed derivative terms Euv

and Evv can be represented by matrices Fuv and Fvv, allowing us to write the
thin plate energy of the Bézier patch as

E = bTFuub + 2 · bTFuvb + bTFvvb

= bT (Fuu + 2 · Fuv + Fvv)b

= bTFb .

The energies of multiple Bézier patches can be computed using a single operation:
By concatenating the Bézier points of individual patches to a single column vector
b̂, the total energy is given by the product b̂TF̂b̂ where F̂ is a diagonal block
matrix obtained by a concatenation of the individual thin plate matrices F along
the diagonal.

If a Surface Splines construction is used, the Bézier points b̂ are derived from
linear combinations of the Surface Spline control points ĉ, i. e. by b̂ = Bĉ (cf.
Section 4.5). In that case, the thin plate energy of the surface can be computed
directly from the control points by

Efair(ĉ) = (Bĉ)T F̂ (Bĉ)

= ĉTBTF̂Bĉ

= ĉTSĉ

where S is again symmetric and positive semi-definite.
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Bézier curve, 17

affine regular polygon, 52
affine space, 3
arc, 15

B-Spline surface, 17, 25
Bézier curve, 4
Bézier grid, 8
Bézier point, 4
Bernstein basis, 4
Bernstein polynomial, 4, 42
bwd, 28

CAD, 1
Catmull-Clark subdivision, 18
circulant matrix, 50, 53
conic sections, 17
connection function, 13, 42, 54
convolution, 6, 7, 45
Cr continuity, 10

degree elevation, 7, 14, 45
discrete harmonic parametrization, 20,
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dmax, 63
Doo-Sabin subdivision, 18
drms, 63
Dual Loops Meshing, 20, 23

edge ring, 25, 40
Efair, 33
Efit, 29
Epfit, 29, 67
er, 25

Eufit, 29, 67
Euler beta function, 78
extraordinary vertex, 16

fairness energy, 21, 33, 57
feature edge, 19, 40
feature edges, 66
foldover, 66
forward differences, 9

iterated, 9, 57
fwd, 28

geometric continuity, 11
Gr continuity, 11

Hausdorff distance, 63

input mesh, 23
irregular arc, 16, 40
irregular G1 joint, 43, 48
irregular node, 16, 19, 48, 55

Lagrange multipliers, 35
layout graph, 15
layout mesh, 23

manifold harmonics, 19
maximum distance, 63
midpoint condition, 11, 36
monkey saddle, 71
Morse-Smale complex, 19

N -vertex problem, 53
node, 15
non-regular quad layout, 16
normal equations, 32, 34
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NURBS surface, 17

parametric continuity, 10
parametric fitting energy, 29, 30, 33, 67,

68
parity phenomenon, 53
patch, 15
patch mesh, 26
Periodic Global Parameterization, 20
pre, 23, 26

quad layout, 2, 15, 19, 23
quad strip, 41, 48, 70
quadratic mean distance, 63

regular G1 joint, 41, 47, 54, 55
regular node, 15, 41, 47, 55
regular quad layout, 15
root mean square distance, 63

scaled Bernstein basis, 6, 14, 44
scaled Bernstein polynomial, 6
spline surface, 15, 17
strip, 41
strip width, 41, 48, 70
subdivision rule, 18
subdivision surfaces, 18
Surface Spline control point, 18
Surface Splines, 18, 21, 39, 43, 74, 80

T-Splines, 17
tensor product Bézier surface, 8, 17, 31,

57, 77
thin plate energy, 33, 57

discretization, 77
scaling, 61

toL, 26, 28
toP , 26, 28
torus topology, 16
TPE, 57
twist point, 48, 50, 52, 54, 55, 71

uniform fitting energy, 29, 32, 67, 68

valid reparametrization, 12
vector space, 3
vertex enclosure problem, 53
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